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Abstract. We show scattering versus blow-up dichotomy below the ground state 
energy for the focusing nonlinear Klein-Gordon equation, in the spirit of Kenig- 
Merle for the H 1 critical wave and Schrodinger equations. Our result includes the 
H 1 critical case, where the threshold is given by the ground state for the massless 
equation, and the 2D square-exponential case, where the mass for the ground 
state may be modified, depending on the constant in the sharp Trudinger-Moser 
inequality. The main difficulty is the lack of scaling invariance in both the linear 
and the nonlinear terms. 
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1. Introduction 

1.1. The problem and overview. We study global and asymptotic behavior of 
solutions in the energy space for the nonlinear Klein-Gordon equation (NLKG): 

u- Au + u = f'(u), u:R l+d ^R, (deN) (1.1) 

where / : R — > R is a given function. Typical examples that we can treat are the 
power nonlinearities in any dimensions 

f(u) = \\u\ p+2 , (2*<p + 2<2*, A>0), (1.2) 

where 2* and 2* respectively denote the L 2 and H l critical powers 

HL +A ill 

and the square-exponential nonlinearity in two spatial dimensions 

f{u) = X\u\ p e Klul \ {d = 2, p>4, A > 0, k > 0), (1.4) 

which is related to the critical case for the Trudinger-Moser inequality. The equation 
conserves (at least formally) the energy 

E{u;t)=E{u{t),u{t)):= 11 11 11 - f(u)dx. (1.5) 



The main goal in this paper is to give necessary and sufficient conditions for the 
solution u to scatter, which means that u is asymptotic to some free solutions as t — » 
±oo, under the condition that u has less energy than the least energy static solution, 
namely the ground state. In the defocusing case, where / has the opposite sign, one 
has the scattering result for all finite energy solutions, see [9J [T71 [361 ESJ E3 123] . 
In the focusing case, it turns out that the solutions below the ground energy split 
into the scattering solutions and the blow-up solutions (in both time directions in 
both cases). Such results have been recently established for many other equations 
including the nonlinear wave equation (NLW), the nonlinear Schrodinger equation 
(NLS), the Yang-Mills system and the wave maps, since Kenig-Merle's [27] on NLS 
with the H 1 critical power (i.e. p+2 = 2" in (TP]) ), see [11 [131 [13 [23 EHl EHl E01 1121 SS] 
and the references therein. 

To be more precise, let us recall the result by Kenig- Merle for the critical nonlinear 
wave equation 

u-Au = f'(u), f{u) = \u\ 2 \ (1.6) 
Let E^iu) be the conserved energy, and Q be a static solution with the least energy: 



E<®(u) := / |m|2 + |V ^ 2 +f( u )dx, Q(x) 



1 + 



x 



d(d-2)_ 



-(d-2)/2 



;i.7) 
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Kenig-Merle [26J proved that every solution with E^°\u) < scatters in the 

energy space as t — > ±00, provided that ||Vw(0)||£2 < ||VQ||l 2 , and otherwise it 
blows up in finite time both for t > and for t < 0. The idea of their proof is 
to bring the concentration compactness argument into the scattering problem by 
using space-time norms and the concept of "critical element", that is the minimal 
non-scattering solution. 

The equations in those papers following Kenig-Merle have a common important 
property — the scaling invariance. It is further shared with the solution space (either 
the energy space or L 2 , i.e. the critical case), except for the NLS with a subcritical 
power [T5| H]. The scaling invariance brings significant difficulties for the analysis, 
but also a lot of algebraic or geometric structures and simplifications. Hence it is 
a natural question what happens if the invariance is broken in the linear and the 
nonlinear parts of the equation. This is the main technical challenge in this paper. 

The dichotomy into the global existence and the blow-up has been known [39] 
long before the scattering result of Kenig-Merle, under the name of "potential well" , 
which is defined by derivatives of the static energy functional. More precisely, Payne- 
Sattinger [5H] proved on bounded domains the dichotomy into blow-up and global 
existence for solutions below the ground energy, by the sign of the functional 

K 1)0 (u) := J \Vu\ 2 + \u\ 2 -uf{u)dx. (1.8) 

It is easy to observe that their argument applies to the whole space M. d as soon as one 
has the local wellposedness in the energy space. Hence our primary task is to prove 
the scattering result in the region of global existence. Then our first problem due to 
the inhomogeneity is that the above functional Ki$ is not suited for the scattering 
proof, though it is useful for the blow-up and global existence. More specifically, we 
want to use the functional 

K d ,- 2 (u) := J 2|Vu| 2 + d[uf{u) - 2f(u)]dx, (1.9) 

which is related to the virial identity. There is actually a one-parameter family of 
functionals, corresponding to various scalings, each of which defines a splitting of 
the solutions below the ground energy by its sign. For example, Shatah [H] used 
another functional 

Ko,i(u) := J ^\Vu\ 2 + ±\u\ 2 - df(u)dx, (1.10) 

to prove the instability of the standing waves. Note that in his proof the instability 
is not given by blow-up in the region K ^(u) < 0. More recently, Ohta-Todorova 
proved blow-up in the region K^_ 2 (u) < 0, but they need radial symmetry for 
the powers p close to 2*. 

The special feature of the critical wave equation ( 11. 6ft is that those functionals are 
the same modulo constant multiples, which is exactly due to the scaling invariance. 
For the NLS with a subcritical power [T5| H], the functionals are different from each 
other, but the situation is much better than NLKG, because they contain only two 
terms (without the L 2 norm), the L 2 is another conserved quantity, and the virial 
identity is used both for the blow-up and for the scattering, while K\$ is not so 
useful for NLS. 
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It turns out, however, that those algebraically different functionals for NLKG 
define the same splitting below the threshold energy. This observation does not 
seem to be well recognized, but it is indeed crucial for the proof of the dichotomy, 
since we need different functionals for the blow-up and for the scattering. 

One interesting feature resulting from the breakdown of the scaling is that, for 
some nonlinearity, the energy threshold is not given by the ground state of the 
original NLKG, but by that of a modified equation. More precisely, for the H 1 
critical power (p + 2 = 2*) in three dimensions or higher, the threshold is given 
by that of the critical wave equation, or massless Klein-Gordon equation. This can 
be expected because the concentration by the critical scaling makes the L 2 norm 
vanish while preserving other components, namely the massless energy. However the 
transition from the Klein-Gordon to the wave requires non-trivial amount of effort 
in the scattering proof. 

We find another instance of mass modification, which is more surprising. That is 
in two dimensions and for nonlinearities which grow slightly slower than the square 
exponential e'"' , where the mass for the threshold ground energy can change to any 
number between and 1, depending on the constant in the sharp (L 2 ) Trudinger- 
Moser inequality. Thus we prove the existence of extremizers as well as the ground 
states with mass less than or equal to the sharp constant, which also seems new 
for general nonlinearity on the whole plane. For the existence of the ground state 
on bounded domains, we refer to [TJJ [2j [3]. One should be warned, however, that 
the situation on the whole plane is different from that on disks, unlike the higher 
dimensional Sobolev critical case, since here the concentration compactness has to 
be accompanied with a leak of L 2 norm to the spatial infinity. This will be discussed 
separately in a forthcoming paper |24J. 

It is worth noting that the scattering result in the focusing exponential case is ac- 
tually easier to obtain than in the defocusing case, concerning the global Strichartz 
estimate. This is because the (mass-modified) ground energy threshold implies that 
our solutions are in the subcritical regime for the Trudinger-Moser inequality. Hence 
concentration of energy is a priori precluded, and so we do not need the concentra- 
tion radius or the localized Strichartz estimate used in (23] on the Trudinger-Moser 
threshold in the defocusing case. This is another striking difference from the power 
case, where the analysis for the focusing case essentially contains that for the defo- 
cusing case. 

1.2. Main result. To state the main results of this paper, we need to introduce 
some notation and assumptions for the variational setting and the nonlinear setting 
of the problem. 

1.2.1. Variational setting. To specify our class of solutions, we need the static energy 



and its derivatives with respect to different scalings. In the critical/exponential 
cases, we also need the energy with a modified mass c > 0, 




(1.11) 




(1.12) 
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For any a, /3, A G R and : ~R d — > R, we define the two-parameter rescaling family 



and the differential operator C a g acting on any functional S : iJ 1 ! 



;i.i3) 



— > 



by 



d 

dX 



A=0 



;i.i4) 



The scaling derivative of the static energy is denoted by 



|Vyf + 



2a + dfi 



<p\ 2 -a<pf'(<p)-d0f(<p) 



dx. 



;i.i5) 



For each (a, /3) e R 2 in the range 

a > 0, 2a + d/3>0, 2a + (d - 2)0 > 0, (a, 0) ^ (0, 0), 
we consider the constrained minimization problem 

m a ,p = M{J((p) | up e H\R d ), (p^O, K a , p ((p) = 0}. 



;i.i6) 



;i.i7) 



We will prove that it is attained, (after a modification of the mass in some cases), 
provided that (at, 0) is in the above range fll . 16j) . The condition on (a, 0) is also 
necessary in general (see Proposition lA.lj) . 

Our solutions start from the following subsets of the energy space 



a,/3 



{(uo,ui) e H\R d ) x L 2 (R d ) | E(u Q , Ul ) < m a> p, K a> p(u ) > 0}, 



JC- p = {{u ,u 1 )eH 1 {R d )xL 2 



E(u ,ui) < m a>/3 , K a>/3 (u ) < 0}. 



:i.l8) 



1.2.2. Nonlinear setting. For the nonlinearity /, we consider the following three 
cases: the H l subcritical (d > 1), the 2D exponential case, and the H l critical 
(d > 3) cases. First we assume that / : R — » R is C 2 and 

/(o) = no) = no) 



0. 



1.19) 



Secondly for the variational arguments, we need some monotonicity and convexity 
conditions. Let D denote the linear operator defined by 

Df(u):=uf'(u). (1.20) 

We assume that / satisfies for some e > 0, 

(D - 2. - e)f > 0, (D - 2)(D - 2, - e)f > 0, (1.21) 

which implies in particular that 

D 2 f > (2, + e)Df > (2, + e) 2 f > 0. (1.22) 

Finally we need regularity and growth conditions, which can differ for small \u\ 
and large \u\. Fix a cut-off function \ e Cg°(R) satisfying x(r) = 1 for |r| < 1 and 
x{r) = for |r| > 2, and denote 

Xr(x):= X (\x\/R), (1.23) 
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for arbitrary vector x and R > 0. Decompose the nonlinearity by 

fs(u):= X i(u)f(u), f L (u) = f(u)-f s (u). (1.24) 

We assume that for some p\ > 2* — 2 



I/»I<M P1 (d<4) 

l/5N-/s'NI<|«i-« 2 r (d>5) 



;i.25) 



where we should choose p% < 1 for d > 5. 

For the behavior of / for large we distinguish three cases: 

(1) H 1 subcritical case: We assume that for some p 2 < 2* — 2 

'\fl(u)\<\ur (2<d<4) 
\f'l( Ul ) - fl(u 2 )\ < (\ Ul \ + \u 2 \Y*- l \ Ul - u 2 \ (d > 5 and p 2 > 1) (1.26) 
l/t («i) - /z(«2)| < |«i - « 2 | P2 (d > 5 and p 2 < 1). 

p 2 = 2* — 2 will be allowed in some of the later arguments. There is no growth 
restriction for d — 1. A typical example is 

f(u) = \ 1 \u\ Ql + ---^k\u\ gk , (1.27) 

where Xj > and 2* < g,- < 2* for all j, which satisfies (I1.26P as well as (11.19p . 
( OH) and (05}. 

(2) if 1 critical case. We assume 

d>3, f(u) = \u\ 2 */2\ (1.28) 

In this case, we do not include lower powers in order to avoid their nontrivial effects 
in the variational characterization. The absence of lower powers will only be used in 
section |2j In particular the Strichartz spaces we use in section H] can handle the sum 
of a critical power with a subcritical function. For the variational characterization, 
the case where lower powers are included will be treated in a forthcoming work. 

(3) 2D exponential case: We assume that 



d = 2, Eko > 0, s.t. 



Vk > « , hm^i^oo f'l(u)e~ R \ u \ 2 = 0, 
Vk < «o, lim| u |^ 00 / L (u)e~ K|u|2 = oo, (1.29) 
and if k > then lim f L (u)/Df L (u) = 0. 

\u\— >oo 

Then we define C* M by 

C* M (F) = sup{2F(^)|M| i2 2 (R2) | + ip e H\R 2 ), « ||V^||| 2(M2) < 4vr}. (1.30) 
For example, all the conditions are satisfied by 

/(u) = e .oH 2 _ 1 _ ft . | M |2_^| M |4 ( L31 ) 

and by 

f(u) = | M |P e Ko|M|2+7|n| , (1.32) 
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where p > 4, k > 0, and max(— 7, 0) € 1 (depending on n (p — 4)). More specifi- 
cally, it suffices to have for all u G [0, 00) that 

8k m 2 + 37m + 2(p-4) > 0, (1.33) 

since, putting g := Df/f = 2k, u 2 + + p, we have 2* = 4 and 

(D -2){D- A)f = [{g - 4) 2 + Dg + 2fo - 4)]/, 

(1.34) 

Dg + 2(# - 4) = 8k u 2 + 3-/u + 2(p - 4) = 2[p(3u/2) - 4] - m 2 /2. 

In addition, one can easily observe that C* M (F) = 00 if 7 > and C* M (F) < 00 
if 7 < 0, using Moser's sequence of functions for the former, and by the spherical 
symmetrization for the latter (cf. [321 ID HO]) El 
In short, our assumption on / is that 

(HH, (OH), ([OS]), and [(OH or <^m> or (1.36) 

Then by Sobolev or Trudinger-Moser, we observe that F, C a ^F and C 2 a ^F are 
continuous functionals on H 1 (M d ). 

Now we can state our main result. Denote the quadratic part of the energy (i.e. 
the linear energy) by 



E Q (u;t) = E Q (u(t),u(t)):= I - 1 V - dx. (1.37) 



2 + |Vw| 2 + Inl 2 



Theorem 1.1. Assume (I1.36P for f. Then for all (a,/3) in (jl.isp . both m a> p and 
JC a fi are independent of (a, (3). Moreover (11 .IB is locally wellposed in the energy 
space H 1 x L 2 , and 

(1) If (w(0), u(0)) G then u extends neither fort — > 00 nor fort —> —00 as 
the unique strong solution in H 1 x L 2 . 

(2) 7/ (u(0),u(0)) G /C^, t/ien m scatters both in t — >■ ±00 m t/ie energy space. 
In other words, u is a global solution and there are v± satisfying 

v± - Av± + v± = 0, E Q (u-v±,u-v±) -4 (t-^±oo). (1.38) 

The dichotomy of global existence versus blow-up in the subcritical case was 
essentially given by Payne-Sattinger (39], using Tf^o, on bounded domains. Hence 
our main contribution is the scattering part, and the parameter independence of 
fC a g. The corresponding result in the defocusing case (hence only the scattering) 
has been shown by |H1[T8] for the subcritical / in three dimensions and higher, by [35J 
in lower dimensions, by [36] for the 77 1 critical /, and by [23J for the 2D exponential 
nonlinearity. The massless 77 1 critical case (the other powers cannot be controlled 
by the massless energy) was solved by [71 E] for the defocusing / and by [26] for the 
focusing nonlinearity. 

The parameter independence of m a ^ seems to be known in the study of stability 
of standing waves, but the authors could not find an available result as general as 



1 Actually, the optimal (fastest) growth to have C* M (F) < 00 is given by 

f{u)~e^ 2 /\u\ 2 (M -►«>), (1.35) 

which will be shown in a forthcoming paper [24] . The results in this paper do not rely on this 
observation, though it seems to have its own interest. 
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the above one. See [38j HH] for partial results. We quote a recent paper [25] for a 
pure power nonlinearity, but unfortunately their range of (a, (3) was not correct (the 
condition a > was overlooked; its necessity is shown by Proposition IA. 1 1) . 

The parameter independence of on the other hand, does not seem to have 
got much attention from the stability analysis, but it is essential in our proof of the 
scattering, since the monotonicity is given for the blow-up and for the scattering in 
terms of different K a> p, respectively K\ t Q and Kd-2- 

Thanks to the parameter independence, we may write m = m a ^ and /C ± = fC^o. 
We will also show the following important properties of the energy threshold. 

Proposition 1.2. Under the assumptions of the above theorem, 

(1) In the subcritical case ( ll.26p . the threshold energy m is attained by some 
Q G H 1 (M d ), independent of (a, (3), solving the static equation 

-AQ + Q = f'(Q), (1.39) 

with the least energy J(Q) = m among the solutions in H 1 (M. d ). In other 
words, m is attained by the ground states. 

(2) In the critical case ( 1 1 . 2 8 [) . there is no minimizer for ( I1.17p . but we have 

m = J (0) (Q), (1.40) 

for a static solution Q G H 1 (R d ) of the massless equation 

-AQ = f'(Q), (1.41) 

with the least massless energy . In other words, m equals to the massless 
ground energy. 

(3) In the exponential case (ll.29p . let c := min(l, C* M (F)), where C* M (F) is as 
in f ll.30p . Then we have 

m = J (C) (Q), (1.42) 

for a static solution Q G H l (M. 2 ) of the mass-modified equation 

-AQ + cQ = f'(Q), (1.43) 

with the least energy J <yC \Q). Moreover we have 

m < 2tt/k , (1.44) 

where the equality holds if and only ifC* M (F) < 1, andm = m a ^ is attained 
in (TTT7|) if and only if C* M {F) > 1. 

Again this is well known in the subcritical case. Hence the main novelty is in the 
mass change in the critical/exponential cases. Note that the ground state Q with a 
different mass c G [0, 1) yields standing wave solutions e ±ttuj Q(x) with 1 — u 2 = c. 
But it is not a true obstruction for the scattering, because its dynamical energy is 
above m, although m is the right threshold in the sense that for higher energy level 
E > m the sets /C ± are no longer separated from each other, that is, <9/C + (ldlC~ ^ 0. 
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1.3. Some notation. Here we recall some standard notation. J 7 denotes the Fourier 
transform on R d , and 



(V) := VT^A = + 



1.45) 



L p , H s , Bp q and respectively denote the Lebesgue, Sobolev, inhomogeneous and 
homogeneous Besov spaces on M. d . For later use we recall the most used functionals 
K a> and H a R\ 



K X M= [ [IWI 2 + M 2 -^)]^, 

JR d 

k ,M= [ \^\^\ 2 + %\ 2 -df^) 

K d ,- 2 (V)= f [2\Vcp\ 2 -d{D-2)f( ( p)]dx, 



dx, 



[(D-2)f(<p)]dx, 



d 



Jr 

We give a table of notation in Appendix B. 



dx. 



\W\ 2 + - A {D-2*)f{ V ) 



dx. 



1.46) 



1.47) 



2. Variational characterizations 

In this section, we prove Proposition 11.21 In particular we prove the existence of 
ground states as constrained minimizers, the (a, /^-independence of the splittings, 
together with various estimates for solutions below the threshold by variational 
arguments, which will be used for the scattering and blowup. 

Throughout this section, we assume that (a,/3) is in the range (jl.lfip . For ease 
of presentation, we often omit (a, 0) from the subscript. We associate with it the 
following two numbers: 

/I = max(2a + d/3,2a + (d-2)/3), ^ = m i n (2a + d(3, 2a + (d - 2)0), (2.1) 

which come from the scaling exponents for H l and L 2 in (I1.13p . Notice that in the 
range (I1.16p . we have /Z > 0, fi > 0, and that a = /i = if and only if (d, a) = (2, 0), 
which will often be an exceptional case in the following arguments. 

We decompose K a ^ = C a ^J into the quadratic and the nonlinear parts: 

K a ,(s = K^ + K^, K^) = £ a ,eM 2 Hl /2, K^{ ! p) = -C aJt F{ f p). (2.2) 

Then K^^ip^) is non-negative and non- decreasing with respect to A G K, and 

li^</M/3) = °> (2.3) 



from its explicit form. 
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2.1. Energy landscape in various scales. First we investigate how J and its 
derivatives behave with respect to the scaling <f X g, in order to get as a minimax 
value. The results of this subsection are essentially known, at least under more 
restrictions on the nonlinearity and (a,/3). 
We start from the origin of the energy space. 

Lemma 2.1 (Positivity of K near 0). Assume that f satisfies (ll.36p . and that (a, (3) 
satisfies (I1.16P and(d,a) ^ (2,0). Then for any bounded sequence <p n G i/ 1 (R ci )\{0} 
such that ^((pn) — > 0, we have for large n, 

K a>g {cp n ) > 0. (2.4) 

Note that if (d, a) = (2, 0) then the conclusion is false, since in that case K®(ip x ) = 
e dpx K Q (ip) ->■ as A -»■ -oo, but K((p x ) = e d,3X K(ip) can be negative. 

Proof. First we consider the H l subcritical/critical cases. If d > 2 then 

i^/(^)i + i/Mi<i^r +2 + i^r +2 , (2.5) 

for some 2* < pi + 2 < p 2 + 2 < 2*, hence by the Gagliardo-Nirenberg inequality 

IMI1- < IIV^II^-^II^II^-^ 2 , (2 < q < 2*) (2.6) 

^X ^ X ^x 

we obtain 

IJWI + 1^)1 < £ IIV^II^^II^IIS^ 72 . (2.7) 

<J=Pl+2, P2+2 

If d = 1 then we can dispose of fi by Sobolev if 1 (IR) C L°°(R). Then we get 

\F{<p)\ + \CF{<p)\ < || V^ir L f +1 M P L f +1 C(\\<p\\ m ), (2.8) 

for some function C determined by fi. 

Hence if 2a + (d — 2)j3 > then for any d we have 

\K N ( V )\=o(\\V< P \\l i ) = o(KQ( V )). (2.9) 

Under the assumption, 2a + {d — 2)(3 = is possible only for d = 1, then using (12.81) . 

\K N fr)\ = o(\\<p\\l l ) = o(K*(<p)y (2.10) 

Finally we consider the 2D exponential case (11.291) . Then we have 

\Df( V )\ + \f(v)\<\^(e^ 2 -l), (2.11) 

for some p > 2 and any k > k . Since a > 0, we have K Q ((p n ) > ||V(^ n ||| 2 — > 0, so 
it suffices to consider tp £ if 1 satisfying for some q > 1 satisfying (4 — p)g < 2, 

g/cllV^Hia < 2tt. (2.12) 

Let q' = q/(q — 1) be the Holder conjugate. Then by Holder, Gagliardo-Nirenberg 
( 12. 6 p and the Trudinger-Moser inequality: 

||Vyi L2(K2) < =► / (e^-l)dx< , (2.13) 
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we obtain 



|£F(^)| + |F(^)|<||v.|r LP9 ,||e^l 2 -l||^, 



<ikii^'iiv^nr /9 



\<p\\h 



An -qK\\V<p\\ 2 L2 



(2.14) 



<\\<p\\Uv<p\\Z 2 '< - 



(2.16) 



Since p — 2/q' > 2 by the choice of q, we get 

\K N ^)\ = o{\\V^\\l,) = o{K^^)). (2.15) 

Thus in all cases K{tp) ~ K Q (ip) > when < K Q {^) < 1. □ 

The following inequalities describe the graph of J, and will play the central role 
in the succeeding arguments. 

Lemma 2.2 (Mountain-pass structure). Assume that f satisfies HI . 36[) and (a,/3) 
satisfies (11.161) . Then for any ip G H 1 {R d ) we have 

(C a , p - Mvfm <-2|/3|min(||^||i 2 ,||V^||i 2 ), 
(£ a ,p-]l)F{tp)>aeF(ip), 

where e > is given in ( 11.21 j) . Hence 

(p - £« )i9 ) J(<p) > aeF(^) + min(|M|i 2 , ||V^||| 2 ). (2.17) 

Moreover we have 

2a£ r j?f \ ^ 2a£~p i (2.18) 
> j^C^Ffr) > j^Fiv). 

Proof. First we observe that 

(C-2a-(d- 2)0)\\V<P\\h a = 0, (C-2a- dfi)\\v>\\U = °> ( 2 - 19 ) 
and for any functional S of the form S(ip) = L d s(ip)dx, 

C 0hf ,S(<p) = / [(aD + 0d)s](p)da?, (2.20) 
where Df(<p) = <pf'(<p) as defined in (11.201) . Using them, we obtain 



(C- V)M l^-mx{^ !^:> (2.211 



and also 



CF(<p) = J[a(D-2) + 2a + dp]f(<p)dx 

= J [(aD - 2a + 2/3) + 2a + (d - 2)P]f(<p)dx. 



(2.22) 



Since 



aD - 2a + 2/3 = a(D - 2J + -(2a + d/3), (2.23) 

a 
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using fll.2ip . we obtain 

£F>(jL + ae)F. (2.24) 

Using the above computations, we have 

-(£-#(£- /x) J(<p) = (£-?)(£- /x)F(^) 

J {aD -2a + 20){D - 2)f(<p)dx 

f(<p)dx 



a 



> OLE 



a(D -2) + ^(2a + d(3) 



(2.25) 



where we used f!2.23j) and (ll.2ip in the first inequality, min(l,2/d) > 2/(d+ 1) in 
the second, and (I2.24p in the last. □ 

Using the above inequalities, we can replace the minimized quantity in (I1.17P with 
a positive definite one, while extending the minimizing region from "the mountain 
ridge" to "the mountain flank". Let 

H a ,p := (1 — £ a) p/jl)J. (2.26) 

Then the above lemma implies that H a p > and 

£ a ,pH aj p = -(£ - //)(£ - /J)J//I + //(1 - C/~p)J 

2ae „ (2.27) 

> TVT F + » H «J > 0. 
a + 1 — 

We can rewrite the minimization problem ( I1.17P by using if: 

Lemma 2.3 (Minimization of if). Assume that f satisfies f l 1 . 3 6 [) and (a, /3) satisfies 
(I1.16P . Then m a ,p in (I1.17P equals 

m a> p = vaf{H aJ} ((p) | <p G H\R d ), <p £ 0, < 0}. (2.28) 

Proof. Let m' denote the right hand side of (12. 28 j) . Then m > w! is trivial because 
J = H if K = 0, so it suffices to show m < m' . Take y? G ii 1 such that fi~(<^) < 0. 
If (d,a) 7^ (2,0), then from Lemma [2. II together with (I2.3p . we deduce that 

(d,a) (2,0), K((p) < =^ 3A < 0, f% A ) = 0, #(</) < i%), (2.29) 

where the latter inequality follows from (I2.27P since H((p x ) is nondecreasing in A. 
Hence m < m'. 

If (d, a) = (2,0), then we use another scaling uu with v G (0,1). We have 
K Q (v<p) = v 2 K q {lp) and \K N (v(p)\ = o(z/ 4 ) by §TB) or ( 12TT4p . Hence i\>y?) > 
for small v > 0, and so we deduce 

(d, a) = (2, 0), K((p) < =^ 3i/ e (0, 1), K(vtp) = 0, ii(^) < H((p), (2.30) 
where the inequality follows from H(ip) = ||V<^||^ 2 /2 in this case. Hence m < m'. 

□ 
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2.2. Ground state as common minimizer. Now we can prove the parameter 
independence of m a ^ via its characterization by the ground states. First we consider 
the H 1 subcritical case. 

Lemma 2.4 (Ground state in the subcritical case). Assume that f satisfies ( 1 1 . 3 6 [) 
and f ll.26p . and that (a, f3) satisfies (11. 1 6 [) . Then m Q / g in (I1.17P is positive and 
independent of (a, (3). Moreover m a ^ = J(Q) for some Q G H 1 (M d ) solving the 
static NLKG (I1.39P with the minimal J(Q) among the solutions in H 1 (M, d ). 

Proof. Let f n G H 1 be a minimizing sequence for f)2.28p . namely K(<p n ) < 0, <p n ^ 
and H(ip n ) \ m. 

First we consider the case (d, a) ^ (2, 0). Let y?* be the Schwartz symmetrization 
of ip n , i.e. the radial decreasing rearrangement. Since the symmetrization preserves 
the nonlinear parts and does not increase the H 1 part, we have tp* n ^ 0, K(ip* n ) < 
K((f n ) < and H(ip n ) > H(ipD — > m. Then using (I2.29p . we may replace it by 
symmetric ip n G H l such that 

^ + 0, K(il> n ) = 0, J(V>„) = H(if> n ) -> m. (2.31) 

If a > 0, then (|2T7j) implies 

(/I + as) J(^ n ) > ae||V>„||lri/2, (2.32) 

hence ^ n is bounded in if 1 . 

If a = (and d > 2), then H(ip n ) = WVipnW^/d is bounded, and if Ht/ViIIl 2 - ► °°! 
then by (1277j) 

<W„||£, < 2tf«(V>„) = -2i^„) < o(||^ n ||^ {d - 2)/2 ), (2.33) 

but since d — 2*(d — 2)/2 < 2, this is a contradiction. Hence t/>„ is bounded in H 1 . 

Since is bounded in H l , after replacing with some appropriate subsequence, 
it converges to some ip weakly in H . By the radial symmetry, it also converges 
strongly in L p for all 2 < p < 2*. Then in the subcritical case (jl.26p . the nonlinear 
parts converge, and so K(ip) < and H(ip) < m. 

If ip = 0, then K(ip n ) = implies that K®(ip n ) = —K N (if) n ) — > 0, and by Lemma 
12.11 we have K(ip n ) > for large n, a contradiction. Hence ip ^ 0. 

By ( I2.29p . we may replace ip by its rescaling, so that K{ip) = 0, J(ip) = H(ip) < m 
and ip 7^ 0. Then ip is a minimizer and m = -ff(^) > 0. 

Since ^ is a minimizer for f ll,17p . there is a Lagrange multiplier t] G M such that 

j'{iP)=r)K'{iP). (2.34) 
Then denoting £0 = c^Va^U^, we get 

= K{$) = CJ(^j) = (J'(V0IA/>) = V(K'W\&P} = r/£ 2 J(^). (2.35) 
By fl2TT8|) and £J(^) = 0, we have 

C 2 JW < -Ham - ^pf *"(V0 < 0, (2.36) 

since /i > or a > 0. 
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Therefore i] = and ?/> is a solution to (ll.39p . The minimality of J (if}) among 
the solutions is clear from (I1.17p . since every solution Q in H 1 of (I1.39P satisfies 
K{Q) — (J'(Q)\£Q) — 0- This implies that m a ^ is independent of (a, (3). 

In the exceptional case (d, a) = (2,0), the above argument needs considerable 
modifications, due to the scaling invariance 

^) = HV^||i 2 /2 = iJ(^), K{if) = <#*K{<p). (2.37) 

First, we should use (I2.30P instead of (I2.29P to get ip n satisfying (I2.3ip . Next, the 
invariance breaks the H 1 boundedness of ip n . But we are free to replace each ip n 
by its rescaling so that ||"0n|U 2 = 1, without losing its properties (I2.3ip . Then 1 = 
||V> n ||i2 = 2F(^ n ) -> 2F(4j), which clearly implies that the limit ^ ^ 0. By (IZ50]) . 
we may replace ip by its constant multiple, so that K(if>) = 0, J(ip) = H(if>) < m 
and xf> 7^ 0. Then ip is a minimizer and m = H(tp) > 0. 

Finally, the invariance gives us C 2 J{%1)) = and the Lagrange multiplier rj may 
be nonzero. The equation (12.341) is written in this case 

-A^ = M/3-l)[^-/W (2.38) 

Since (— Aip\ip) L 2 > and 

(V - fm^)Ll = K 0j2/ M - J(D- 2)f^)dx < 0, (2.39) 

we have (rjdp — 1) < 0. Hence there exists A > such that ip x solves the static 
NLKG (11.391) . and it is also a minimizer. □ 

2.3. H 1 critical case; massless threshold. In the H 1 critical case (ll.28p . we 
still have the (a, (3) independence, but m Qj/ g is equal to the massless energy of the 
massless ground state. This is a consequence of the invariance of the massless energy 
with respect to the H l scaling. 

Lemma 2.5 (Ground state in H 1 critical case). Assume that f satisfies (ll.28p . 
and that (a, /3) satisfies (I1.16p . Then m a ^ in (I1.17P is positive and independent of 
(a, f3). Moreover m a ^ = J^(Q) for some Q G if 1 (M (i ) solving the static massless 
NLKG (HUD, with the minimal J (0) (Q) 

among the solutions in H (R ). 

Proof. Let H w and K w be the massless versions of H and K, respectively. Then 

m = m w : = M{H w (p) \ tp G H 1 , K w {<p) < 0.}. (2.40) 

Indeed, comparing the above with (I2.28p . we easily get m > m w from H w < H and 
K w < K if 2a + d(3 > 0. If 2a + d(3 = 0, then we may replace K < in fl2T28|) by 
K < 0, because for any nonzero <p G H 1 satisfying K(ip) < 0, we have by ( I2.18P 

CK( V ) < W{<P) ~ f^ F &) < 0, (2.41) 

which implies that K((p x ) < for all A > 0, and so the set K < is dense in the 
minimization set of (12. 28 p . Hence m > m w in this case too. 
To prove m < m w , let 



(2.42) 
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denote the H l invariant scaling. Then K(ip u ) — > K w ((f) and H(ip u ) — > H w (ip) as 
v — > oo. Hence if K w (ip) < then K(tp u ) < for large z/, and so m < m w . 

Due to the H 1 scale invariance, K™ g for all (a, /3) are constant multiples of the 
same functional, and H w is independent of (a, (3), so is the minimization for m w . In 
fact we have 

m w = mf{\\V<p\\ 2 L ./d | <p G H\ < |Mg*}. (2.43) 

By the homogeneity and the scaling (p i— > uip, it is equal to 



inf i||V^||| 2 



\V<p 



inf — 



|Vy|jif 

IMU 2 * 



(2.44) 



where C£ denotes the best constant for the Sobolev inequality 

IMIls* < Q||V^|| L2 , (2.45) 
which is well known to be attained by the following explicit Q G H l 



Q(x) 



1 + 



d-2 
2 



(2.46) 

d(d-2)_ 

which solves ( ll.4ip . □ 

2.4. Exponential case; mass-modified threshold. In the 2D exponential case 
(ll.29j) . the conclusion is somewhat intermediate between the above two cases. If 
C* M (F) > 1 then m a ^ is achieved by a ground state, but if C* M (F) < 1 then we 
can still see m a ^ as the energy of a ground state to an equation (11. 43ft where the 
mass is changed to c = min(l, C* M (F)) G (0, 1). 

Lemma 2.6 (Ground state in the exponential case). Assume that f satisfies ( 11. 36ft 
and (11.291) . and that (a, (3) satisfies ( 11.161) . Then m a ,p in (11.1 Tl) is independent of 
(a, (3) and < m a ,p < 2ti/k , where the second inequality is strict if and only if 
C* M (F) > 1. Moreover m a ^ = J^ C \Q) with c = min(l, C* U (F)) for some Q G 
if 1 (]R 2 ) solving the modified static NLKG (11.431) with the minimal J { ~ C \Q) among 
the solutions in H l (M?). 

For the proof, we prepare some notations and lemmas. For any functional G on 
if 1 (]R 2 ) and any A > 0, we introduce the Trudinger-Moser ratio 

C*JG) := sup{2G(y?)|M| i2 2 | ^ <p G H\R 2 ), \\V<p\\v < A}, (2.47) 

the Trudinger-Moser threshold on the H 1 norm: 

m{G) := sup{A > I C£ U (G) < oo}, (2.48) 

and the ratio on the threshold: 

CUG):=C^ G \G). (2.49) 
The growth condition (11.291) together with (ll.2ip implies 

m(c a , p F) = m(F) = v^T^ (2.50) 

for any (a, (3) satisfying f 1 1 . 1 6 [) . by the Trudinger-Moser inequality ( I2.13p . Hence the 
above definition of C* M is consistent with (ll.30p . 
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For any functional G of the form G(ip) = f g(ip)dx, and for any sequence (</?n)neN £ 
iJ 1 (]R 2 ) N , we define its concentration (at x = 0) conc.G((y2 n ) ngN ) by 

conc.G(((p n ) nen ) := lim lim / g((p n )dx. (2.51) 

We will use the following compactness by dominated convergence. 
Lemma 2.7. Let g, h : R — > R 6e continuous functions satisfying 

lim JfMl = 0, lim = 0. (2.52) 

Let (p n be a sequence of radial functions, weakly convergent to ip in H 1 ^ 2 ) such that 
{h((p n )} n is bounded in L 1 (IR 2 ). Then g(<p n ) —* g{<p) strongly in L 1 (M. 2 ). 

Proof By assumption (I2.52p . for any e > there exist 5 > such that 

|«| > 1/(25) or \u\ < 25 \g(u)\ < e{h(u) + |u| 2 ). (2.53) 

Then we have 

/ \g[<p n )\dx<e / h(ip n ) + \(p n \ 2 dx<e. (2.54) 

J\<p n \>l/(2S) or \(p n \<28 J 

The radial Sobolev inequality Hr 1 / 2 ^!^ < ||y n |li2 2 || V<^ n ||^{ 2 implies that (p n (x) are 
uniformly small for large x. Then the weak convergence together with 

rR-2 

<p n (Ri) - Pn(R2) = / d r ip n (r)dr (2.55) 
implies that <p n {x) V 9 ( x ) f° r x ^ 0. Then Fatou's lemma implies 

\g(ip)\dx<e, (2.56) 

\ip\>!/(26) or \if\<2S 

and the dominated convergence theorem implies 

\\g®(<p n )-g {5 >(<p)\\» 0, (n-> oo) (2.57) 

where g( s > is defined by g^(u) = (1 — x<s(^))xi/5(' u )5'(' u ) using the cut-off defined in 
fll.23p . Combining (I2.54p . (I2.56P and 02.571) . we deduce the desired convergence. □ 

Proof of Lemma UTR We start with the exceptional case (d, a) = (2,0). First, let 
A > and assume C£ M (F) > 1. Then there exists ^ ip G H 1 such that ||Vy2|| L 2 < 
A and F(<£>) > ||y9|| 2 2 /2. For small e > we have K ,i((l — < 0, and hence 
mo,i < || V(l - e)¥n\\l 2 /2 < A 2 /2. Hence m ,i < 9JT(F)' 2 /2. 

Consider the case C* M (F) > 1. Then by choosing A = 971(F) in the above 
argument, we get m 0j i < 9Jl(F) 2 /2. Now we take a minimizing sequence for m 0i i. 
By the Schwartz symmetrization and rescalings as in the proof of Lemma 12.41 for 
(d, a) = (2, 0), we get a sequence of radial functions ip n G H 1 such that 

U n \\ L 2 = 1, iJ 0) i(V>n) ->• mo,!, if ,iW = 1 - 2F(Vy) = 0, (2.58) 

and ip n — > ip in ii/ 1 . Because of m 0jl < Tt(F) 2 /2, we can choose some k G 
(ko, 27r/mo,i), so that e K '^ n — 1 is bounded in L 1 by the Trudinger-Moser inequality 
f)2.13p . Then we can use Lemma [2.71 with cp n := ip n , g :— f and h(u) := e K '"' — 1, 



SCATTERING THRESHOLD FOR NLKG 17 

which implies F(ip n ) — > F(if)). Hence if) attains m 01 . After appropriate rescalings, 
we obtain a ground state Q, as in the proof of Lemma [2.41 

Next consider the case C* M (F) < 1. Then for any if) G H 1 satisfying ||V^||x2 < 
Wl(F) we have K 0)1 (if>) > 0. Hence 

mo,! = inf{||V^||l 2 /2 | K 0tl (<p) < 0} > Tt(F) 2 /2, (2.59) 

and so m 0j i = DJl(F) 2 /2. Now we show that there exists tp G H 1 satisfying 

\\V<p\\v = Tl(F), F(<p) = C* u (F)/2, y\\ L 2 = 1. (2.60) 

After rescaling this ip, we obtain a ground state Q. However, due to the criticality, 
we have to approximate the problem by a subcritical one, namely we first prove the 
existence of (p n G H 1 satisfying 

\\Vcp n \\ L 2<Wt{F)--, F(ip n ) = c n /2, |K|| L2 = 1 (2.61) 
n 

where c n := C™ (F) ""(F), then < c n /> C* M (F) < 1. Fix n > 1 and let <f k G 
iJ 1 (M 2 ) be a maximizing sequence for c n (see (I2.47P ): 

\\V<p k \\v < 971(F)--, F(^)^c n /2, 11^*11x2 = 1, (2.62) 
n 

where the L 2 norm is normalized by the rescaling cpfi 1 . The Schwartz symmetrization 
enables us to assume that (p k are radial functions, and convergent to some (p n weakly 
in H 1 , by extracting a subsequence. Moreover, we have F{ip k ) — > F(ip n ) = c n /2, by 
Lemma |2~71 with g := f and h = e K '"' — 1 for some n G (k , 47r/(9K(F) — 1/n) 2 ). 
Thus <y9 n is a maximizer, which implies that ||<^ n ||£2 = 1 and 

-T]Aip n = f'((p n ) ~ C n tp n , (2.63) 

for a Lagrange multiplier 7](n) G M. Multiplying it with ip n , we obtain 

^IIV^Hia = J Df{ Vn )dx - CnWipnWl* = J {D - 2)f{cp n )dx > 0, (2.64) 

since (D — 2)f > 0. Hence i] > 0, and so Q n (x) := tp^rf^x) G H 1 satisfies 

II VQ„|| L2 < Wl(F) - -, -AQ n + c n Q n = f(Q n ). (2.65) 

n 

Now consider the limit n — > oo. The equation for Q n implies that = K^l\Q n ) = 
K[ c "[(Q n ), that is 

c n \\Q n \\ 2 L2 = 2F(Q n ), \\VQ n \\ 2 L2 = 2 J {D - 2)f{Q n )dx > 4F(Q n ), (2.66) 

where the last inequality follows from (D — 4)f > 0. Since ||VQ n ||i2 is bounded and 
c n is positive non-decreasing, we deduce that HQnlli 2 an d f Df(Q n )dx are bounded 
as n — > oo. Hence we may extract a subsequence so that Q n converges to some Q 
weakly in H 1 , and then apply Lemma 12.71 with ip n := Q n , g = f and h := Df. 
Then f'(Q n ) — > f'(Q) strongly in L 1 , and so Q solves 

-AQ + cQ = f'(Q), c:=C* M (F). (2.67) 
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This implies that 

K$(Q) = (J^\Q)\£o,iQ) = 0, (2.68) 

namely 2F(Q) = c\\Q\\ 2 L2 - Hence Q is a maximizer for C™ (F) (F) with a non-zero 
Lagrange multiplier, which implies that ||VQ|| L 2 = 971(F). Thus J {c) {Q) = Wl(F) 2 /2 
is unique for any solution Q of f)2.67p . 

Next we consider m Qj/ g with a > 0. If mo,i < 97t(F) 2 /2, then there exists a ground 
state Q, which satisfies K a ^{Q) = for all (a, (3). Hence m a ,/3 < J{Q) = mo,x- 

Otherwise, m ,i = D)l(F) 2 /2 = DJl{CF) 2 /2. For any A > kfl(CF), there exists a 
sequence <p n G H 1 satisfying 

||V^ n || L 2 < A, \\<p n \\v -> 0, CF(<p n ) ^oo. (2.69) 

Since K(<p) = a||Vy?|| 2 2 + (a + (3)\\ip\\ 2 L2 — CF{ip) and a > 0, we can replace each 
ip n with ip n {x/v n ) with some z/ n — >■ +0, so that we have after the rescaling 

||V^ n || L 2<A, K(ip n ) = 0, \\ip n \\ L 2^0. (2.70) 

Hence m a ^ < lim, n _^ J(V„) < A 2 /2, and so m Qj(9 < 9Jl(£F) 2 /2 = m ,i. Thus in 
both cases we have m a ^ < m 0j i < Tt(F) 2 /2. 

Now suppose that m a ^ < m 0i i < 9Jt(-F) 2 /2. As in the proof of Lemma 12.41 for 
(d, a) (2, 0), we may find a sequence of radial ip n e H 1 such that 

= 0, H((p n ) \ m, (2.71) 

and ip n — >■ 3<y9 weakly in if 1 , and pointwise for x ^ 0. 
Let ip n = (p n — ip. Then — >■ weakly in if 1 , and so 

lim K Q ( Vn ) = lim K Q (tp n ) + K Q ((p) 

= lim CF(ip n ) = conc.CF((ip n ) n ) + £F(ip), 



(2.72) 



where the second identity is because K(ip n ) = 0, and the last one follows from 
(p n (x) — > ip(x) for x 7^ and the radial Sobolev inequality Hr 1 / 2 ^!^ < ||<^ n ||#i. 
Since H(ip) < m by Fatou's lemma, we have K((p) > 0, otherwise there would be 
some A < such that K(<p x ) = and H((p x ) < H(<p) < m, a contradiction. Thus 
K Q (tp) > CF(ip), and so from (12772]) . we deduce 

lim K Q {^ n ) < conc.CF{{^ n ) n ). (2.73) 

Since £F({p n ) is bounded by (I2.72p . Lemma I2T1 with h n := (afJ + /3d)/ implies 
that conc.F(((p n ) n ) = 0. Hence by (12.731) and (£ — Ji)F > 0, we get 

lim K Q (tfj n ) < conc.(C - Ji)F((ip n ) n ) < lim (£ - Jl)F(ip n ). (2.74) 

On the other hand we have 

m = lim H((p n ) = lim H Q {^ n ) + H Q &) + lim (£ - Jl)F((p n )/jI, (2.75) 

where H Q (ip) := (1 — £/~p)\\tp\\ 2 H1 /2 denotes the quadratic part of ii. Combining 
the above two, and discarding H Q ({p) > 0, we obtain 

lim HVnllW 2 < ™ < 97t(F) 2 /2 = 27r/fi:o. (2.76) 
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Hence applying Lemma \2. 71 to <p n with h{u) := e K '"' 2 — 1 for some k G (k , 27r/m), 
we get CF(ip n ) — >■ CF(ip), and so y> is a minimizer for m Qj/ 3. Indeed, we have 

e «l^| 2 _ j < e c K>K ,M 2 _ x + e «'|v>n| 2 _ 1 (2.77) 

for some k' G (k,,2tt jm) and constant C KjK / > 0. Hence h((p n ) is uniformly bounded 
in L 1 . Recall that for a fixed tp G if 1 , e c «.-' lv|2 — 1 G L 1 . 

Then as in the proof of Lemma 12.41 we obtain a ground state Q with J(Q) = 
m a,/3 < m o,i, which is a contradiction since Kq\(Q) = 0. Hence m Q)( g = m 0j i for all 
(a,P) in the range fll . 16j) . □ 

Remark 2.8. In the above argument for (a, (3) = (0,1) in the case C* M (F) < 1, 
we used a priori bounds on the ground state to get the compactness. For general 
sequences, we can have concentrating loss of compactness on the kinetic threshold 
||V</?||l 2 = %Jl(F) if and only if / satisfies 

En e- K0 ^\u\ 2 f(u) G (0,oo). ( 2 . 7 8) 

\u\— >oo v ' 

The above result implies that the concentration requires more energy than the (mass- 
modified) ground state. Similar phenomena have been observed in slightly different 
settings (either on a bounded domain or on the i? 1 (IR 2 ) threshold, where e K °' u ' 
appears as the critical growth instead of e K °'"' /|w| 2 , see [TTJ [161 SO])- More details 
about this issue, including the above concentration compactness, will be addressed 
in a forthcoming paper 



2.5. Parameter independence of the splitting. The (a, (3) -independence of 
tC^R follows from that of m a> R and contractivity of IC^r- 

Lemma 2.9 (Parameter independence of K^). Assume that f satisfies ( 11.3611 and 
that (a, (3) satisfies (j!.16p . Then fC^a in (ll.lSp are independent of (a, (3). 

Proof. Since m a> R is independent of (a, (3), we only need to see that the sign of 
K is independent under the threshold m. Moreover, we may restrict to the first 
component. For any 5 > 0, we define /C^ C H 1 by 

/Cj* = W G H 1 | J{fp) <m-5, K a ,R(<p) > 0}, 

/C-J = W G H 1 | J(<p) <m-S, K a ^ v ) < 0}. U ' 

Then (m ,Mi) G /C^ if and only if u G /C^l with 5 = \\ui\\ 2 L2 /2. In addition, the 
disjoint union IC^fo U /C~^ is already independent of a and /3. Hence it suffices to 
show the independence of JC^p- 

First we consider the interior exponents satisfying 2a + d(3 > and 2a + (d — 2)(3 > 
0. Then Kf^a is contracted to {0} by the rescaling p <p x with > A — > — oo. This 
is due to the following facts 

(1) K((p x ) > is preserved as long as J{<p x ) < m, by the definition of m. 

(2) J(p x ) does not increase as A decreases, as long as CJ(p x ) = K(ip x ) > 0. 

(3) p x -»■ in H 1 as A -oo, since 2a + d/3 > and 2a + (d - 2)/3 > 0. 

In particular, J cannot be negative on /C+g, and so /C+i = for 5 > m. For 
< 5 < m, both /C±J are open in if 1 . It follows for K 5 from the definition, and 
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for JC +S from the facts that J((p) < vn and K(ip) = imply <p = 0, and that a 
neighborhood of is contained in JC +S , which follows from ( 12. 7p . (12. 8p or (I2.14p . 
Then the above argument of the scaling contraction shows that JC^ g is connected. 
Hence each /C^ cannot be separated by KL^f g, and K~f '\, with any other (a', (3') in 
the interior range. Since JC^ 5 B fl IC^f B , 3 0, we conclude that JC^ s g = JC^f gi . 

Finally for (a, (3) on the boundary 2a + d/3 = or 2a + (d — 2)(3 = 0, take a 
sequence (a n , (3 n ) in the interior converging to (a, (3). Then K an ^ n —> K a ^, and so 

/C S C U /C £,A.- (2.80) 

n 

Since the right hand side is independent of the parameter, so is the left. □ 

2.6. Variational estimates. We conclude this section with a few estimates on the 
energy-type functionals, which will be important in the proof of the blow-up and 
the scattering. We start with the easy observation that the free energy and the 
nonlinear energy are equivalent in the set /C + . 

Lemma 2.10 (Free energy equivalence in /C + ). Assume that f satisfies (I1.36P . Then 
for any (u Q ,Ui) G H 1 (E d ) x L 2 (E. d ) we have 

/ floK )>0 PW2 lHI?g/2<(l + rf/2)JW, 

\«(«o,«0 <-B«K,«0 < (l + d/2)B(«„, Ml ). 

Proof. Since (D — 2 — c)f(u) > with c := 4/d > by ( ll.2ip . we have for any 
(u ,ui) e H 1 x L 2 , 



K lfi {u ) = |Mhi - (2 + c)F(uo) - J 



(D-2- c)f(u )dx 

[2.o2) 

< (2 + c)J(V) -c||uo|||i/2 = (2 + c)E(u ,u 1 ) -cE Q (u ,u 1 ) - \\u\\ 2 L 2, 

and hence we obtain the desired estimate. □ 

In the 2D exponential case, we have a sharper bound on the derivatives, which 
implies that /C + is in the subcritical regime for the Trudinger-Moser inequality. 

Lemma 2.11 (Subcritical bound in K + in the 2D exponential case). Assume that 
f satisfies (I1.36P and (ll.29p . Then for any (u ,Ui) G /C + we have 

\\Vu \\ 2 L 2 + ||ui|||2 < 2m < Wl(F) 2 = 4vr/K . (2.83) 
Proof. Since K 0) i(uq) > 0, we have 

llVtiollia + Utiillia < ||Vw ||i 2 + WMh + %H = 2£(w , Ml ) < 2m. (2.84) 

□ 

The next estimate gives a lower bound on \K\ under the threshold m, which will 
be important both for the blow-up and for the scattering. 

Lemma 2.12 (Uniform bounds on K). Assume that f satisfies fll.21|) . and that 
(a, (3) satisfies (11. 16ft and (d,a) ^ (2,0). Then there exists 5 > determined by 
(a, (3), d and e in (11.211) . such that for any ip G H 1 with J(<p) < m we have 

K a A¥) > min(/l(m - J(ip)), SK*^)) or K a ^) < -Jl(m - J(<p)). (2.85) 
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Note that if (d, a) = (2, 0) then the conclusion is false, since in that case K((p* p) = 
e d " x K((p) — > as A — > — oo, while J(tp x ) is away from m, since it is decreasing if 
K(<f) > and J( v x ) / H((p) < m if K(<p) < 0. 

Proof. We may assume if ^ 0. Let j(A) = J(tp x ) and n(A) = F({p x ), where (p x ^ = ip x 
is the rescaling (I1.13p . Then j(0) = J(ip) and f(0) = K(<p), and (I2.18P implies 

f<^ + M-^j-^L n '. (2.86) 

First we consider the case K((p) < 0. By Lemma 12. II together with (12. 3p . there 
exists A < such that j'(X) < for A < A < and j'(X ) = 0. For A < A < we 
have from (12 . 16j) . 

{-p + rif -JIM <Jtj'. (2.87) 
Inserting this in (I2.86P and integrating it, we get 



j"(X)dX < p / j'(X)dX, (2.88) 

Ao J Ao 

and hence 

K(ip)=j'(0)<Ji(j(Q)-j(X )). (2.89) 
Since K(ip x °) = and if ^ 0, we have j(Ao) = J(ip Xo ) > m. Thus we obtain 

< - •%))■ (2.90) 
Next we consider the case K((p) > 0. If 

2 rye 

(2/Z + > -puJfr) + -—jCF(<p), (2.91) 
— — d + 1 

then applying (12.8 ip to the first term on the right hand side, and K = — CF to 
the second one, we get 



n _ 2ae 
2fi + fi + 



K(<p) > -^-|M|^ + ^K^{ 9 ), (2.92) 

and so K{ip) > 5K Q ((p) for some 5 > 0, since > or a > 0. If (I2.9ip fails, then 

lap 

Pp + tfj'Kwj + j-pjn', (2.93) 
at A = 0, and so from (I2.86p . 

j" < -W- (2.94) 

Now let A increase. As long as (I2.93H holds and f > 0, we have j" < and so j' 
decreases and j increases. Also by (12.181) and (12. 16)) we have 

n" > (Jl + fi)n' - Jt/J>n > Jin' > jfn > 0. (2.95) 

Hence ( 12.93)) is preserved until f reaches 0. It does reach at finite Ao > 0, because 
the right hand side of ( 12.86)) is negative and decreasing as long as j' > 0. Now 
integrating (12.94)) we obtain 

K(<p) = j"(0) > 7i(j(Ao) - j(0)) > /Z(m - J(<p)), (2.96) 
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where we used that J(y? Ao ) > m which follows from K{ip Xo ) = and (p x ° ^ 0. □ 

3. Blow-up 

Here we prove the blow-up part of Theorem IX . 11 The idea is essentially due to 
Payne-Sattinger [39], but we give a full proof for convenience. We will use that Kr 
is stable under the flow. 

By contradiction we assume that the solution u exists for all £ > 0. The proof for 
t < is the same and omitted. Let 

y(t):=\\u(t,x)\\ 2 Lim . (3.1) 

Multiplying the equation with u, and using (I2.82p . we get 

y = 2\\u\\ 2 L2 - 2K lfi (u) > (4 + c)\\u\\ 2 L 2 - 2(2 + c)E{u) + c\\u\\ 2 m , (3.2) 

for some c > 0. Sine u(t) G K~ , Lemma 12.121 implies that there is some positive 
5 < —Kifl{u{t)). Thus for allt > we have 

y(t) >25>0, (3.3) 

and so y(t) = \\u(t)\\ 2 L2 — > oo as t — > oo. Going back to f)3.2p . and using Schwarz, we 
deduce that for large t 

y>(A + c)\\u\\h>^-, (3-4) 

4 y 

therefore 

4 + c 



c/4\ _ _^„.-c/4-2 



yy - 



< 0, (3.5) 



which contradicts that y — > oo. 

4. Global space- time norm 

In this section we introduce Strichartz-type estimates and a perturbation lemma 
for global space-time bounds of the solution. 

The inhomogeneity of the Klein-Gordon equation makes the exponents a bit more 
complicated than the case of wave or Schrodinger equation. In the H l critical case, 
we get another complication in higher dimensions, due to the fact that we have to 
estimate the difference of solutions in some Sobolev (or Besov) spaces with positive 
regularity but the nonlinearity is not twice different iable^|. This is not a problem 
in the subcritical case, where we are allowed to lose small regularity, so that we 
can estimate the difference in some LP spaces and then interpolate. This technical 
issue was solved in the pure critical case in by using space-time norms with 
exponents away from the admissible region for the standard Strichartz estimate, 
which was later called "exotic Strichartz estimates" in the Schrodinger case [41)] . 

Here we have a further complication by the presence of lower powers, for which 
we need the exotic Strichartz for the Klein-Gordon equation. Note that it is not a 
big trouble in the Schrodinger case (see [S]), because the same Strichartz estimate 
is used both for higher and lower powers. In the Klein-Gordon case, in contrast, we 



2 The problem is not on the local regularity of the nonlinearity (at u = 0), but rather on the 
global Holder continuity for //> 
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have to use different Strichartz norms, with better regularity for higher powers and 
with better decay for lower powers. It is easy in the standard Strichartz estimate, 
where we can freely mix different norms by the duality argument, but this does not 
work for the exotic Strichartz estimate, which uses exponents away from the duality. 
Hence we are forced to use a common exponent for different powers, which makes 
our estimates much more involved. In particular, when we have both the H l critical 
and the L 2 critical powers, we need three steps to close our estimates. 



4.1. Reduction to the first order equation. To simplify the notation, we rewrite 
NLKG in the first order equation. With any real- valued function u(t, x), we associate 
the complex- valued function u{t, x) by 

u = (\7)u-iu, u=(\/y ls Ru. (4.1) 

This relation u <H- u will be assumed for any space-time function u throughout this 
paper. Here we use i purely for notational convenience, and we could use a vector 
form instead^!, especially if u is originally complex-valued. The free and nonlinear 
Klein-Gordon equations are given by 



(□ + l)u = <J=> (id t + (V))u = Q, 

(P + I)u = f'(u) ^ (id t + (V))u = f((V)- l Mu), 

and the free energy is given by E®(u) = \\u\\ 2 T2 /2. We denote 

Km ■= ^((vrv) + ^((vr 1 ^). 



(4.2) 



(4.3) 



Remark that 



E(u(t)) = E(u;t), K(u(t)) > K(u(t)), (4.4) 



where the equality in the latter holds if and only if ii(t) = 0. Nevertheless, the 
invariant set /C + = JC^p for u is given by 

jC+ ■= {v? G L 2 (R d ) | EUp) < m, KmV)- 1 ?) > 0} 

(4.5) 

= G L 2 (R d ) | E(ip) < m, K(<p) > 0}. 

The second identity (the first one is definition) is proved as follows. Let ip G L 2 (M. d ) 

satisfy E(<p) < m and ^(^(V^V) < 0. Let fa = K(V)"V and fa = 3f(V)~V- 
Then Lemma 12.121 implies that 

K(fa) < -Ji{m - J{fa)) < -n^fmp < -K®(fa), (4.6) 

so K{<p) = K(fa) + K®(fa) < 0. Hence under the condition E(p) < m, the signs 
of K(fa) and K(p) are the same, which proves (14.51) . 



We chose the complex form rather than the vector one, in order to avoid adding a subscript, 
for this notation will be applied mostly to sequences. 
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4.2. Strichartz-type estimates and exponents. Here we recall the Strichartz 
estimate for the free Klein-Gordon equation, introducing some notation for the 
space-time norms and special exponents. 

With any triplet (b, c, a) G [0, l] 2 xl and any q G (0, oo], we associate the following 
Banach function spaces on / x M. d for any interval /: 

[(&, c, a)] q {I) := L]'\l- B^ q (R d )), [(b, c, a)] (I) := L X '\l- L^(R% 



(4.7) 



[(b,c,a)]-(I) := L] / \l ] Bl /c m d )) 



where B* and Bp respectively denote the inhomogeneous and homogeneous Besov 
spaces, and the following characteristic numbers with a parameter 9 G [0, 1]: 

reg e (6, c, a) := a - (1 - 29/d)b - d(c - 1/2), 

str 9 (6, c, a) := 2b + {d - 1 + 0)(c - 1/2), (4.8) 

dec e (6,c,a) := b + (d - 1 + 0)(c - 1/2). 

= 0, 1 correspond respectively to the wave and the Klein-Gordon equations. reg e 
indicates the regularity of the space, while str e and dec 9 indicate the space-time 
decay, corresponding respectively to the Strichartz and the LP — L q decay estimates. 
We denote the regularity change and the duality in fP -1 / 2 (here —1/2 takes account 
of one regularity gain in the wave equation) respectively by 

(b,c,a) s := (b,c,s), (o,c,a)* (s) := (1 - 6, 1 - c, -a + 2s - 1). (4.9) 

Given a real number s, we say Z = (Zi,Z 2 ,Z 3 ) is Strichartz s-admissible if for 
some 9 G [0, 1] we have 

< Z 1 < 1/2, < Z 2 < 1/2, reg\Z) < s, str e (Z) < 0. (4.10) 

We avoid the endpoint Z 2 — 1/2 to mix different 9. The Strichartz estimates read 

Lemma 4.1 (see [9j (TTJ [31]). For any s G R, /et Z and T be s- admissible. Then 
for any space-time function u(t,x), any interval I C R, and any to G /, we /iat>e 

IMI[^] 2 (/) < ||w(*o)lk« + \\u(t )\\ H s-i + - An + n||[ T *«] 2 (j), (4.11) 

where the implicit constant does not depend on I or t . 

The "exotic Strichartz estimate" is given for the Klein-Gordon equation by 

Lemma 4.2. Let Z,T G R 3 satisfy for some 9 G [0, 1] 

reg (Z) < reg e (T) + 2, str e (Z) < str e (T) - 2, < Z u T x < 1, 

1 11 (4 12) 

dec\Z) < < dec e (T) - 1, < - - Z 2 , T 2 - - < - _ j - - . 

TTien we /lave /or any interval I C R, to G /, and n(t, x) satisfying u(t ) = n(t ) = ; 

IMI[z] 2 (/) ^ ||« - Am + n|| [r]2(7) . (4.13) 

Proof. The wave case 9 = was essentially proved in [361 Lemma 7.4], where the 
borderline case str°(Z) = str°(T) — 2 was excluded for the real interpolation to 
improve the Besov exponent 2. Here we discard that improvement, restoring the 
borderline case, which is needed for the lower critical power p\ = 4/d. 



to 
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The proof is rather immediate from the standard Strichartz estimate and the LP 
decay estimate. Indeed, if str e (Z) = = str e (T) - 2 and reg 9 {Z) = reg e (T) + 2, 
then the above estimate is nothing but Strichartz. If moreover Z 2 + T 2 = 1, then 
the estimate directly follows from the LP decay and Hardy-Littlewood-Sobolev 

\vr 1 e^ t '^h(s)ds\\ [zhiI) 

(4-14) 

<|| / | f _ s \-^\\ h (s)\\ B T 3 ds\\ Ll/ T 1{I) <\\h\\ [T]2(I) . 

Jt 1 /T 2 ,2 

This estimate can be translated in the time and the regularity exponents as 

Z ^ Z' = Z + (6,0,s), T^T' = T + (b,0,s) (4.15) 

for any s G R and b G (-1/2,1/2), as long as < Z[,T[ < 1. By the complex 
interpolation for those estimates and the standard Strichartz estimate, we obtain 
the desired estimate in the case str e (Z) = str e (T) — 2 and reg e (Z) = reg e (T) + 2. It 
is extended to the remaining cases (with inequality in these relations) by the Sobolev 
embedding. □ 

The following interpolation is convenient to switch from some exponents to others, 

Lemma 4.3. Let Z, A,B,Ce [0, 1] x R and 9 G [0, 1]. Assume that A 1 < Z x < B 1 
and one of the fallowings 

(1) min(str e (A),str e ( J B),str e (C)) > str e (Z) and min(reg 9 ( A), reg e (B)) > reg e (Z) 

(2) mm(stT e (A),stT e (B)) > str e (Z) and mm{reg d {A), reg e {B),reg e {C)) > ieg e {Z). 

Then there exist a, (3,j G (0, 1) satisfying a + (3 + 7 = 1 and for all q G (0, 00] we 
have the interpolation inequality 

\Mlz] q <\\u\\f A] Ju\f [B] Ju\\J cw (4.16) 

Proof. Since Ai < Z\ < B\, for any < 9 2 <^ 1 there exists 9\ G (0, 1) such that 

(1 - 2 )((1 - 9 1 )A 1 + 9 1 B 1 ) + 9 2 C ± = Z v (4.17) 

Let Z := (1 - 6» 2 )((1 - 9 X )A + 9 X B) + 9 2 C. Then from the assumption we have 

str 9 (Z) > str 9 (Z), mg e {Z) > reg e (Z), (4.18) 

which imply Z 2 > Z 2 and Z 3 — dZ 2 > Z 3 — dZ 2 , and so we have the Sobolev 
embedding [Z\ q C In the first case, we have xeg e (Z) > reg e (Z) and so 

[[[AU [BU 9l , [CUe 2 = [ZU C [Z] q . (4.19) 

The desired inequality follows from that for the complex interpolation. 

It remains to prove in the second case. By the real interpolation in the Besov 
space in x and Holder in t, we have for all < 5 1, 

\\u\\iz ]q < IMlfi 2 +] JMI^ ]oo , Z±:=Z± 5(1, 0, 1 - 29 jd). (4.20) 

Let < e < 1 satisfy e{B 1 - A^l - 9 2 ) = 5 and 

Z± := (1 - 2 )((1 - 9 X t e)A + (9 1 ± e)^) + 9 2 C. (4.21) 
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Then from the assumption and the definition of Z^ and e, we have 

str^Z*) > str^Z*), reg*^) > reg e (Z ± ) = reg e {Z), (4.22) 
when e > is small. Hence we have the Sobolev embedding 

, [BUe 1±£ , lCU e2 = [Z+U C [Z+U (4.23) 



where the left hand side is a nested complex interpolation space. Now the conclusion 
follows from the interpolation inequality. □ 

4.3. Global perturbation of Strichartz norms. Now we fix a few particular 
exponents. Define H, W, K by 

ff:=/o,-,lY W:=( f ~ 1 N , Wi, - ) , K := ( . f r ,K u - ) . (4.24) 

Then [if] 2 = L^H\ is the energy space, while W and if are 1-admissible, diagonal 
and boundary exponents respectively for the wave (6 = 0) and the Klein-Gordon 
(9 = 1) equations: 

1 = reg (#) = reg^ff) = reg°(W) = reg^if), 

(4-25) 

= stx°(H) = str^if) = str°(W) = strait). 
Let eq(u) denote the left hand side of NLKG 

eq(u) := u u - Au + u - f'(u). (4.26) 

Recall the convention « f> w in Section 14.11 to switch to the first order equations. 
We will treat the H 1 critical case (11.28)) together with the subcritical case. Since 
fs(u) is for small \u\ and for large \u\, we may freely lower pi in ( II .25)) and 

raise p 2 in (1 1 . 26 j) . Hence we assume (11.25)) with 

4 4(d+l) , 

2 '- 2 = 5 < ^ < ( d+ V-i) - (427) 

and we assume either d = 1, (11.29)) or ( II .26)) with 

Before the main perturbation lemma, we see that [H] 2 PI [W] 2 D [if] 2 is enough to 
bound the full Strichartz norms of the solutions. 

Lemma 4.4. Assume that f satisfies (II .36)) . Lei Z ; T anc? £/ 6e 1-admissible. In 
the 2D exponential case (11.291) . let 9 G (0, 1). JTien £/iere exist a constant C\ > 
and a continuous function C 2 '■ (0, 00) — » (0, 00) snc/i t/iat /or any interval I , any 
to E I and any w(t,x), we have 

\H\[ Z ] 2 (i) < Ci ||w(to)IUg + £iNMI| ([T *(i) ]2+[C /.(i) ]2 ) ( /) ^ 2g ^ 

+ C2(\\w\\(iH} 2 n{W} 2 n{K} 2 )(r)), 

provided, in the exponential case, that 

sup KqW 
tei 

We remark that (14.301) is needed only in the exponential case 



sup K || Vw||^2 < 47t6. (4 30) 
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Proof. We may assume 6 > 1/2 without losing any generality. We introduce the 
new exponents M* and X by 

M»:= 2 (1,1,0), X:=(u,0,u-u 2 ), (4.31) 
M« + 1) 

with some v G (0, 1/10) satisfying < (1 — z/) 2 , where M" is used only if d > 2 and 
X only in the exponential case. In either case we have 

> str°(M tt ), str°(X), 1 > reg°(M s ), 1 > reg°(X), < Ml,X 1 < W x . (4.32) 
Hence by Lemma [4.3( 1). we have 

IMI[Mtt] 2 (/) + ||HI[X] 2 (J) < IIHI([i^ 2 n[W] 2 n[ir] 2 )(/)- (4.33) 
The Strichartz estimate gives 

\H\[ZHl)<\\w{to)\\ L i + \\eq(w)\\ {[THl)]2+[u , W]2KI) 

+ II f'( w ) II ([K*m} 2 + [W"W}2+LlLl){I) ■ 

By the standard nonlinear estimate we have 

\\f's(™)\\lK*M] 2 (i) £ ll w ll[A'] 2 (/)lkll^] o(J) , (4.35) 
and in the subcritical/critical cases 

H/iHII[w*ti)] 2 (/) £ lkll[w] 2 (/)lkll[M»] o( /)- (4.36) 
In the exponential case, there are k > k,q and fi > such that 

sup < 47r6', (4.37) 

where 6' := (1 + 6)/2 < 1 and 

IMIi$ := l|V^+/i||^. (4.38) 

Then we have 

11/xHIUl < llkl(e K| - 12 - l)IUi < Ikll^lle^' 2 - l||^||e*H"||^, (4.39) 

where the second factor is bounded by Trudinger-Moser 

l|e KH2 -l||Li<lkll| 2 /(l-e'), (4.40) 

and the third factor is bounded by the following log-interpolation inequality [2lT 
Theorem 1.3]: for any a G (0, 1), A > l/(27ra) and /i > 0, there is C > such that 

IMIioo (R2) < A|M|^i (R2) C + log(l+ |M|c*{Ra)/IMIflJC» a )) ' ( 441 ) 

for any 9? G i/ 1 PI C a (M 2 ), where C a = denotes the Holder space. Plugging 

this with a := v — v 2 into the exponential, we get 

l|e* |w|2 |l^ < (1 + IMIeVIMk/^ < (1 + K |k||^/e') 2 ^ ', ( 4 - 42 ) 
where A > is chosen so that 

l<27rAa, (27rA0' + \)v = 1. (4.43) 
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Since vanishes for small \u\, we may assume ||iu||c a ^ IIHU? ^ 1- Hence 

I47TA0' _ |L.,||2(1 

I L/„ II II Ly^ 



e K ^ 2 \\L^<\\w\\^' = \\w\\fj^ 1 \ (4.44) 



and plugging this into (I4.39p . we get 

H/iMIUjj* < IklLy^lklU-Lilkll^/^ < Ihll^JklliHir (4.45) 

□ 

Lemma 4.5. Assume that f satisfies (jl.36p . Let Z, T, [/ and fre 1- admissible 
and reg°(V) = 1. In t/ie exponential case (ll.29p . /et G G (0,1). TTien t/iere are 
continuous functions Eq, Cq : (0, oo) 2 — > (0, oo) suca that the following holds: Let 
I C R be an interval, t e I andu,w e C(I; L 2 (R d )). Let f = e i{ ^ ){t - to) (u - w)(t ) 
and assume that for some A, B > we have 

N|l°°(J;LI) + \\w\\ LriI . >L 2) < A, (4.46) 

ll w ll[w]2(/)n[^] 2 (/) < B, (4.47) 

\\(eq(u),eq(w))\\ ([T< i) ]2+p< i) h){I) + hollm-M ^ e o(^,5), (4.48) 
and in the exponential case, 

supKomax(||Vw|||2, HVtuH 2 ^) < 47T0. (4.49) 

Then we have 

\\u\\ [ZHI) <C (A,B). (4.50) 

Remark 4.6. (I4.49P is needed only in the exponential case. The above lemma remains 
valid in the lower critical case p\ = 4/d = 2* — 2, if we assume in addition that 

ll7o||[tf] (i) <e (A,B). (4.51) 

We will indicate the necessary modifications in the proof. 

Proof of Lemma We restrict pi,p% as in (I4.27P and (14.281) . without losing any 
generality. In the following, C(-, . . . ) denotes arbitrary positive constants which may 
depend continuously on the indicated parameters. Let 5 G (0, 1) be a fixed small 
number, whose smallness will be specified by the following arguments. Let 

e := eq{u) — eq(w), •y:=u — w. (4-52) 

Then we have the equation for the difference 

7 - A7 + 7 = f(w + 7) - f(w) - e, f(*o)=7b(*o)- (4.53) 

First note that by Lemma 14.41 we have the full Strichartz norms on w. 

Next we estimate the difference u — w in the easier case d < 4. We define new 
exponents 5*, L and a space X by 

[S} : = Lf +1 L^+ 1 ), [L] := Lf +1 L^\ 

l S h (d = 1) u 54) 

x-.= {[S] n[x] 2 (gm>, 

[S]o H [L]o (otherwise). 
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Thanks to the restrictions (I4.27P and (I4.28p . we have 

> str 1 ^), str°(L), 1 > reg 1 ^), reg°(L). (4.55) 
Hence by Lemma I4TB7 2) with C := V, we get for some 9i, 9 2 G (0, 1), 

\\l4 X {i)<A l - e 'e^ + A l -^el\ (4.56) 

If pi —> 4/d, then str°(S') —> 0, and we would need the smallness in [K] (I). 
Since w 6 by Lemma [4.41 there exists a partition of the right half of /: 

t < ti < • • - < t n , Ij = (tj, t j+1 ), I n (t , oo) = (t , tn) (4.57) 

such that n < C(A, B, 5) and 

\H\ x{Ij) <S (j = 0,...,n-l). (4.58) 

We omit the estimate on / fl (— oo, to) since it is the same by symmetry. 
Let 7j be the free solution defined by 

^ : = e^-^^t,). (4.59) 

Then the Strichartz estimate applied to the equations of 7 and 'jj+i implies 

\\l - lj\\x{ii) + Il7i+i -7ilU(K)< \\f'{w + j) - f{w)\\ L x Ll{I) 

(4.oU) 

+ ll e ll([!7*(i)] 2 +[T*(i)] 2 )(/ J )- 

The nonlinear difference is estimated as follows. For smaller we have by Holder 
ll/s(«> + 7) - fsH hlLi < II (v,, 7) ||f4, hll [s h , (4.61) 

and for larger \u\ for d > 2 in the subcritical/critical cases, 

II f' L (w + 7) - f L (w) \\ L]Li < || (w, 7) \\ p { l ]o hll [L] - (4.62) 

If d — 1, let C(v) = swpi u i <u \f'l(u)\/\u\ Pl . Then we have 



<C(||K7)|| W )||K7)ll5 ]o ll7ll[5]o- 



(4.63) 



In the exponential case, there exist k > k and // > such that (I4.37p . Let u>6» = 
w + 6*7 = (1 — 6)w + 6*m for 9 E [0, 1]. Then we have «; 1 1 xt?^ 1 1 ^-1 < 47T0', where 

0' = (1 + 0)/2 and H\ is defined in (14.381) . In the same way as for (14. 45 p . we obtain 

\\f'L(w + l)-f' L (w)\\ LlL , < C \\fl{we)i\\ LlLi d9 

Jo (4.64) 

< sup Ikell^iJIwell^" 1 !^!!^^ < A||(w,7)||^ _1 ||7|| [x]2 . 

0e[o,i] 

Thus in all cases, assuming 

hhiij) < S < 1, (j = 0,...,n-l), (4.65) 
where the smallness depends on A (and 0), we get 

Wlhii,) + hj+i\\x( tj+1 ,t n ) < C||7jlU(t,A) + ^o, (4.66) 
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for some absolute constant C > 2. Then by (I4.56P and iteration in j we get 

hh(i)<m n (A^e^ + A^e^) < C(A,B)(e e J + e e J). (4.67) 

Choosing Eq(A, B) sufficiently small, we can make the last bound much smaller than 
5, and thus the assumption (14.651) is justified by continuity in t and induction on j. 
Then repeating the estimate (I4.60p once more, we can estimate the full Strichartz 
norms on 7, which implies also the bound on u. 

Next we estimate the difference u — w in the harder case d > 5, where we need 
the new exponents M, M, N, N, R, Q, P, and Y defined by 



M 
N -- 



d + 1 
2 



l(l-d,2,0) + l-^(d,-l,0) 
P2 4 



d + 1 
M = M + 



1 d- 1 



2' 4 
2 



l - — P2){-d,l,0) 



4 



(0,l/d,l), A^ = A^- 



Q 
R 



(1,2,2) 
Pi(d + 1) 

(d + 4) 



P 



(4,rf-l,4) 
2(d+l) 
1' 



d+1 

(6,d + 3,4) 
2(d+l) 



(0,l/d,l), 



(4.68) 



2(d + 2)( Pl + l) ,jRl '2 



In the case P2 > 1, we need another exponent 

2(p 2 - 1) 



Af := M + 



P2(d+i; 



(0,l/d,l), 



(4.69) 



and if P2 < 1 then we put M = M. Note that p\ < 1 under (I4.27P for d < 5. Then 
we have the sharp Sobolev embedding 

[M] q C [M] g C [M] 9 , [iV] g c [iV] 9 , (4.70) 

and nonlinear and interpolation relations 

R + Pl R° = K* {1 \ R=(l-a)W + aK, M s = (1 - f3)W° + f3R°, (4.71) 



for some a, (3 G (0, 1), thanks to (I4.27P and (I4.28p . Y is a non- admissible exponent 
satisfying 



Y = N + p 2 M = N + p 2 M = P + Pl Q° = P° + Pl Q, 



(4.72) 



where the second and the last identities follow from P 3 = P1Q3, N s = p 2 M 3 , and the 
above sharp embeddings. If p 2 > 1, we have in addition 



Y = N + M + (p 2 - 1)M. 



(4.73) 
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Moreover, these exponents satisfy (when d > 5) 

1 = reg°(iV) = -reg°(F) > reg°(M), 1 > reg^Q), reg^P), - reg^F), 
> str°(M),str°(iV),str 1 (g),str 1 (P), 
str°(iV) < str°(Y) - 2, str^P) = str^Y) - 2, u u \ 

< M u M 2 , Q u Q 2 , Pi < 1/2, 1 < dec°(F), dec^F), 

,,11-11 11 

Y 2 < - + -, N 2 > : , P 2 > 

2 d' 2 d-1' 2 d 

reg°(M) = 1 only if p 2 = 2* - 2 = 4/(d - 2). Lemma WMX) implies that 

H u 'H([Q]2 P1 n[M] 2 n[M] 2p2 )(/) ~ \\ w \\([H]2n[K] 2 n[w] 2 Ki)<A + B. (4.75) 
As before, we divide I PI (to, oo) into t < ' • • < " < C(A, B) such that 



( [Q] 2pi n [Af] 2 n [M] 2P2 n [K] 2 n [W] 2 ) (/,■ ) 



<5<1, (j = 0,...,n- 1). (4.76) 



(4.77) 



We also introduce the following spaces: 

y := [W] n [R] , y := [N} 2 fl [P] 2 , y := [W] 2 fl [K] 2 , 

Our proof for d > 5 consists of three steps: 

(1) We estimate 7 in 3^ assuming it is bounded in some norm similar to (14.761) . 
Here we can use the standard Strichartz because the estimates do not contain 
spatial derivative. 

(2) We estimate 7 in y, under the same assumption on 7. Here we use the exotic 
Strichartz. 

(3) We estimate u in y by using the bounds in [N] 2 fl [P] . The assumption in 
the previous steps is justified once we get a better bound. 

Actually we could skip the first step, by using interpolation in the last step to bound 
[R]o by the other norms. However, if pi — 4/d the lower critical power, then R = K 
and the first step becomes necessary. 
Assuming that 

H 7 ll([Q]2p 1 n[M] 2p2 n[i?] n[A/8] )(/ J ) < 5 (j = 0, . . . , n — 1), (4.78) 
we have by Strichartz and Holder (since W° and P° are 1/2-admissible) 

117 - 7ibo(I;) + Il7j+1 - 7iboW 

< \\f'(w + 7 ) - f'(w)\\y* {Ij) + \\e\\y* (Ij) 

% ll( w >7)||[A] (/ i )ll7ll[fl]o(^) + ll(^>7)ll[ A 2 /B]o(7j) ll7ll[H/] (/ J ) 
<ni7lbb(/,) + £o, 
where we used ( I4.76P and ( 14. 78 p . By Lemma [4.3( 2). we have 

hohoiD^A^e^+A 1 - 6 ^, (4.80) 
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for some 6*3, # 4 e (0, 1). Note that str 1 (i?) — > as p\ — > 4/d, hence in the lower 
critical case we would need 70 to be small in [K] . By the same argument as for 
( I4.67p . we obtain 

h\\y o{I) <C(A,B)(^+e^)^5. (4.81) 

Next, still assuming (14. 78 p . we have by the exotic Strichartz estimate, 

llT ~ Tillyft) + - 7jlly(H) £ \\f'(w + 7) - f'M\\ [Yh{Ij) + \\e\\ y * {Ij) , (4.82) 

where the nonlinear difference is estimated by 

\\f L (w + 7) - f L (w)\\ [Y]2 < ||K7)||^ ]o ||7ll^ 2 + 11(^7)11^11711^0 

_ " (4.83) 

+ ll(^ ) 7)llfM] ll(^ ) 7)ll [ M] 2 ll7ll[iV]o, 

where the last term is for p 2 > 1 while the second last is for p 2 < 1 , and similarly 

Wf'siv + 7) - /» II [Y] 2 < II (to, 7) ||£ ]o Il7ll [P] 2 + II 7) ll£ ]2pi ||7ll [F|o- (4.84) 
Thus we obtain 

117-7^5^.) + Il7i+i -7ills; (R )^^ 1 ||7lly ( /.) + ^o, (4.85) 
where we used (14.761) . (14 .78 p . and the following embeddings in x 

[Qh Pl C [Q] , [P} 2 C [P] , [M) 2 + [M] 2p2 C [M] , [N] 2 C [iV] . (4.86) 
By Lemma 14.31 and Strichartz, we have 

IU II ~ < IU W 1 ' 05 IU ll es < a^sJb 

II7o||[jv] 2 (/) ^ ll7o|| [J? ] 2 (j)n[w] 2 (J)ll7o||[M]o(/) £ o > 

IU II, , < IU ll 1 -^ IU ll 9 <3 < a 1 - 9 ^^ ^ ' 
H7o||[P] 2 (i) ^ ll7o||[if] 2 (/)n[A-]2(/)ll7oll[Af] (/) ~ A £ o > 

for some 6*5, # 6 e (0, 1). Note that str x (P) is away from as p\ — > A/d, and so 9 5 , 9 6 
are uniformly bounded from below. Thus by the same argument as for (14.671) . 

||7|| 55(J) <C(A, J B)( £ ^ + £j 6 )«5. (4.88) 

Hence under the assumption (14.781) we have obtained 

6 

ll7||[w] (/)n[ii]o(/)n[Jv]2(/)n[P] 2 (/) B ) ^2 £ o k < ^ (4.89) 

fe=3 

Finally by Strichartz, (14.761) and (14.781) . we have 
£ Mtj)\\ L 2 + \\eq{u) + f'{u)\\y* {Ij) 

<A + e +\\u\\^ MI Ju\\ [R]2{Ij) + \\u\\ p { ^ Wj) \\u\\ [WHIj) (4.90) 
<A + e + S Pl \\u\\ y(Ij) . 
Hence we obtain 

hhwZA + eo, (4.91) 

and so 

\\u\\ y{I) <n{A + e ) <C{A,B), (4.92) 
which is extended to the full Strichartz norms by Lemma 14.41 
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It remains to justify (14. 78 p . By Lemma [4.3( 2). we have 

II II — ~ < II \\ 1 ^ dk ii \\ 6k 

11711 [Q]2 P1 n[M] 2 n[M] 2p2 ~ ^^huhniKhniwh^niP^niN^ (4.93) 

fc=7,8 

for some 9 7 , 9% G (0, 1). If p\ = 4/d, then we need to add [K) to the last factor. 
In either case, by (ET9"T]) . M~TE\i . f H~89j) . and <H77T|> . we obtain 

ll 7 ll([Q]2p 1 n[M]2n[M]2 P2 n[i?] n[M»]o)(/ J -) ~ ^(^ (4.94) 

for some (9 G (0, 1). By choosing e (A-B) sufficiently small, the last bound can be 
made much smaller than S. Then the assumption (I4.78P is justified by continuity in 
t and induction in j. Thus we have obtained the desired estimates. □ 

5. Profile decomposition 

In this section, following Bahouri- Gerard and Kenig- Merle, we investigate be- 
havior of general sequences of solutions, by asymptotic expansion into a series of 
transformation sequences of fixed space-time functions, called profiles. This is the 
fundamental part for the construction of a critical element in the next section. 

5.1. Linear profile decomposition. Here we give the Klein-Gordon version of 
Bahouri-Gerard's profile decomposition for the massless free wave equation. The 
only essential difference is that the massive equation does not commute with the 
scaling transforms, but the proof goes almost the same. 

For simple presentation, we introduce the following notation. For any triple 
(t§,x$,h$) G R 1+d x (0,oo) with arbitrary suffix V and 0, let t§, T$ and (V)$ 
respectively denote the scaled time shift, the unitary and the self-adjoint operators 
in L 2 (R d ), defined by 

4 = -|, T§<p{x) = (4)- d/ V fe^V (V)S = \/- A + (^) 2 - (5-1) 

We denote the set of Fourier multipliers on R d : 

MC = {fi = T'^T | fl G C{R d ), 3 lim Ji(x) G R}. (5.2) 

(practically we need only 1 and |V|(V) _1 in M.C). Also recall the correspondence 
u -<->■ u defined in Section 14.11 

Lemma 5.1 (Linear profile decomposition). Let n (0) be a sequence of 

free Klein- Gordon solutions with bounded L 2 X norm. Then after replacing it with 
some subsequence, there exist K G {0, 1, 2 ... , 00} and, for each integer j G [0, K), 
ip j G L 2 (R d ) and {(t J n ,x 3 n , h J n )} ne ^ C E x R d x (0, 1] satisfying the following. Define 



v° n and for each j < k < K by 

& n = j™+-* ) T&, v n = Y,< + <, (5-3) 



k-l 



then we have 



j=0 
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and for any Fourier multiplier jj, G M.C, any I < j < k < K and any t 6 M, 

I™ | hg(h l Jhi) | + \ tl n- t3 n\+J X n-<\ = (5 . 5) 

lim {^ n {t)W n it)) Ll = = lim (5.6) 

Moreover, each sequence {h 3 n } n£ fq is either going to or identically 1 /or a// n. 

We call such a sequence {"0^} n£ N a free concentrating wave for each j, and 
w k the remainder. We say that {(t J n , x 3 n , h J n )} n and {(t^x^,h^)} are orthogonal 
when (I5.5P holds. Note that (15 .6p implies 



lim 

n—too 



Ut)\\l l -J2W iP n(t)\\k 



\W 



fe||2 

Ii2 



j<fc 



0. (5.7) 



We remark that the case h 3 n — > oo is excluded by the presence of the mass, or more 
precisely by the use of inhomogeneous Besov norm for the remainder. 

Proof. We introduce a Littlewood-Paley decomposition for the Besov norm. Let 
A (x) e S(R d ) such that its Fourier transform A (f) = 1 for |f | < 1 and A (f) = 
for |£| > 2. Then we define Ak(x) for any fceN and A(o)(x) by the Fourier transforms 

A fe (0 = A (2- fc - A (2- fc+1 0, A {0) = Ao(0 - A (2£). (5.8) 

Let 

v := lim \\v n \\ TaoR -d/2 ~ lim sup 2~ kd/2 \A k * v n (t, x)\. /c q\ 

If z/ = 0, then we are done with K = 0. Otherwise, there exists a sequence (t n , x n , k n ) 
such that for large n 

2- k " d / 2 \A kn *v n (t n ,x n )\>u/2. (5.10) 

Now we define h n and ip n by 

h n = 2~ kn , v n (t ni x) =T^ n . (5.11) 

Since ?/> n is bounded in L 2 ,, it converges weakly to some ip in L 2 ,, up to an extraction 
of a subsequence. Moreover, 

2-^|A^*^,x„)| = (!^«°;l £ = °> (5.12) 

[|A( ) * Vn(0)| (fc„ > 1), 

and hence by the weak convergence and by Schwarz 



Ll>\(A m\ + \(A i0) \ij)\>u/2. (5.13) 

If h n — > 0, then we put (t°,x°,/i°) = (t n ,x n ,h n ) and y) = ^. Otherwise, we may 
assume that h n — > 3/ioo > 0, by extracting a subsequence, and we put 

(C«) = (*n,*n,l), V? = h-J^ix/h^). (5.14) 

Then we have T n ip — T®{p° — > strongly in L? x . Now we define ^ and w x n by 
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Then (T^wKfJ = (T^T^-cp -> weakly in L 2 , and /iT n ° = T>°, where ffi 
denotes the Fourier multiplier whose symbol is the rescaling of /i's, that is /I(£//t°). 
By the definition of AiC, the symbol of /i° converges including the case /i° — >• 0, so 
/i° — )■ converges strongly on L 2 (M d ). Hence 

«(Oi^°)>li = (^vi^ra-^ico)^ -> o. (5.i6) 

The left hand side is preserved in t, hence the above holds at any t. This is the 
decomposition for k — 1. 

Next we apply the above procedure to the sequence w\ in place of v n . Then either 
the Besov norm goes to and K = 1, or otherwise we find the next concentrating 
wave and the remainder w 2 , such that for some (i*, x^, hi) and ip 1 G L 2 {R d ), 

= + < € = e^-^T^ 1 , (/i^(t)|/i^(t)) L ,^0, (5.17) 

(T^) -1 ^ 2 ^) weakly in L\ as n — > oo, and 

lim \\w 1 n \\ raoR -d/2<\\ip 1 \\ L 2. (5.18) 

Iterating the above procedure, we obtain the desired decomposition. The L 2 
orthogonality implies that ||<£> fc ||£2 — » as k — > oo, and then (15. 18[) (for general k) 
gives the decay of the remainder in the Besov norm. 

It remains to prove the orthogonality (15. 5p as well as (I5.6p . First we have 

«(0)«(0)> = (e- i(V) ^T^^|e-^T>^-) = (S^V^>, (5-19) 
where Jl l n = jM(£/h l n ) as before, and Sfc 1 is defined by 

._ rrpj\-l e i{V)(li-t l n )rpl _ e -i{V)l4l l frpj\-lrpl _ g-i<V>i#' rpj ,1 ^ (5.20) 

with the sequence 

Using the last formula in (I5.20p . (I5.5P and uniform time decay of e l ^ nt : S — > S' , 
it is easy to observe that S% 1 —> weakly on L 2 X as n — )■ oo for all j < I. Since 
fin = fi{C/h l n ) and ji J n are convergent, (15.191) also tends to 0. Then we have also 

fe-i 

( / itft(0lK(t)> I a = <^(*)lA*< fl (*)- E KT(0)^o, (5.22) 

m=j'+l 

thus we obtain (15. 6p . Now suppose that (15. 5 p fails, then there exists a minimal (I, j) 
breaking (15. 5p . with respect to the natural order 

(h,ji) < (h,32) ^ h<k and j x < j 2 . (5.23) 

Then by extracting a subsequence, we may assume that h l n — > h 1 ^, \og(h l n /h 3 n ), 
(t l n — P n )/h l n and (x l n — x 3 n )/h l n all converge. Now we inspect 

(^rH +1 (0= J2 sl rv m +s^{Ti)-^\ti). (5.24) 

m=l+l 

where S 1 ^ converges strongly to a unitary operator, due to the convergence of 
(#,a#', and Since S\i m for m < j and (T^) _1 w^ +1 (t{) weakly 
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in L\, we deduce from the weak limit of (I5.24p that tp k = 0, a contradiction. This 
proves the orthogonality (15. 5p . □ 

Those free concentrating waves with scaling going to are vanishing in any Besov 
space with less regularity. Hence in the subcritical case, we may freeze the scaling 
to 1 by regarding them as a part of remainder. Hence we have 

Corollary 5.2. Letv n be a sequence of free Klein-Gordon solutions with bounded L 2 X 
norm. Then after replacing it with some subsequence, there exist K G {0, 1,2..., oo} 
and, for each integer j G [0, K), ^ G L 2 (R d ) and {{t J n ,x J n )} nf z^ ClxK d satisfying 
the following. Define v J n and w k for each j < k < K by 

fc-i 



>-:, = <■ ™V(z-4)> '•„ y^'i ■ n :> ; r (5.25) 



j=0 

then for any s < —d/2, we have 



fei^o IKH^(K;^,i(K d )) = °' (5-26) 
and for any \i G A4.C, any I < j < k < K and any t G 

lim = = lim (/iiP n \p:w*) L * , (5.27) 

lim |< - ^1 + |4 - a;* | = oo. (5.28) 

The orthogonality holds also for the nonlinear energy, which implies that the 
decomposition is closed in /C + . Recall the vector notation for the energy given in 
Section I4TT1 We will also use the following estimates for 1 < p < oo, 

ll[|v| - (V)M\n SMW/o-Vik, f . 

Illivr 1 - (v>-Vllxs £ II(v/M- 2 |v|-VIIls, 

which hold uniformly for < /i n < 1, by Mihlin's theorem on Fourier multipliers. 

Lemma 5.3. Assume that f satisfies (ll.36p . Let v n be a sequence of free Klein- 
Gordon solutions satisfying v n (0) G /C + and ]im. n ^. oo E(v n (0)) < m. Let v n = 
Ylj<k^n Jr1 ^n be the linear profile decomposition given by Lemma l5A[ Except for the 
H 1 critical case (I1.28P . it may be given by Lemma UrB too. Then we have v^(0) G /C + 
for large n and all j < K , and 

&S,|^»(0))-E^(°))-^W(°))| =0 - (5.30) 

j<k 

Moreover we have for all j < K 

< lim E{vi{0)) < firn E(4{0)) < lim" E(v n (0)), (5.31) 

n->oc n ^°° rwo ° 

where the last inequality becomes equality only if K = 1 and w\ — > in L^L\. 

Proof. First we see that in the exponential case (ll.29p , all the profiles and remainders 
are in the subcritical regime. Since v n (0) G /C + , Lemma [2.111 implies 

|| V^)- 1 ^^)!!^ + P4(0)||! 2 < 2m < 4tt/k . (5.32) 
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For any (9 , ... ,9k) G C 1+fc satisfying ||#||l°° = max,,- |6^| < 1, let 

= + (5.33) 

j<k 

Then choosing // = |V|(V) _1 G A4C in (ET27j) . we get 

lim sup ||V^||ia < lim || V(V) _ V n ||^ 2 =: M < Att/k . (k 34) 

Hence there exist k > k,q and g G (1,2) such that g«M < Air. 

Now we start proving (15.301) in all the cases. Since the linear version of (15.301) is 
given by Lemma [5. 1[ it suffices to show the orthogonality in F, i.e. 



lim lim 

k^K n— Yoc 



%(o))T«)-^(o)) 



j<k 



0. 



(5.35) 



For this we may neglect w^, because by the decay in Blo^i 2 and interpolation with 
the H l bound we have 

lim lim" ||«;£(0) \\ Ll = (2 < p < 2*). ( 5 .36) 

In the exponential case, we deal with it as follows. Let v< h+e — v n — (1 — 9)w k for 
< 9 < 1. Using the Holder and Trudinger-Moser inequalities, we get 

\F(v n ) - F(v< k )\ <j^j \f(v< k+e )w k \dxd9 

i/ g (5.37) 



< /^eile^^P - 1||^||«;*|U < fd9 
Jo Jo 



\\ u n \\l 2 

Ait - qnM 



IK 



In the subcritical/exponential cases, it suffices to have the decay in B s ool for all 
s < 1 — d/2, which is given by Lemma [5.21 Thus in any case we may replace v n (0) 
by v< k (0) in ([OSD . 

Next we may discard those j for which = —P n /h J n — > ±00, since for any 
p G (2, 2*] satisfying 1/p — 1/2 — s/d with s G (0, 1], we have 

H(0)\\ L p < ||e- i<v)M |V|-VllL g (n oo), (5.38) 

by the decay of e l ^ nt in 5 — )■ L p as |t| — >• oo, which is uniform in n, and the Sobolev 
embedding ijj C LP X . 

So extracting a subsequence, we may assume that — > 3r^ G R for all j. Let 

^ := Sfe-HytioTioyj G L 2( R d^ (5_ 39 ) 
Then v 3 n (0) — (V) -1 T^^ — )■ strongly in if*, thus ( I5.35P has been reduced to 

|F(X)(v>-W) - X>(< V > _1 W)I -> o. (540) 

In the subcritical/exponential cases, if h 3 n — > then (V)~ l Ti l ifj J — >■ strongly in 
for 2 < p < 2*, so it can be neglected. Hence we may assume that h J n = 1. Then 
each Tl(V)~ lr ilj J is getting away from the others as n — )■ oo, and so (I5.40p follows. 
In the critical case, if h? n — > then we have by (I5.29p . 

H(V)- 1 ^' - ^ivrVlLr £ ll(v/^)- 2 |v|-VlUr -> °- (s.4i) 
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Hence we may replace (V)^ 1 ^^ in (15.401) by hP n T^ip^ for some ift G L 2 , including 
the case hP n = 1. Then we may further replace each ijji by 

fi(x) := fi(x) x |° 31 < 3 S,t - Un < ^ and (X ~ X ^l h n G SU PP ^> (5.42) 
I 1 otherwise, 

where (x^ 1 , h^ 1 ) is defined in (15.211) . because (I5.5P after the above reduction implies 
either h^ 1 — » or — > oo, and so ^ — >■ ^ at almost every x G as n — > oo, 
and strongly in L? x by the dominated convergence theorem. Now the decomposition 
is trivial 



(5.43) 

j<k j<k 

by the support property of ip^. Thus we have obtained f!5.35j) and (I5.30p . 
By exactly the same argument, we obtain also 



lim lim 

k^tK n— >oo 



j<k 



0. 



(5.44) 



The remaining conclusions follow from the next lemma. □ 

Lemma 5.4 (Decomposition in /C + ). Assume that f satisfies fll.36[) . Let fceN and 
(po, ...,cpkE if 1 (IR c( ). Assume that 



E(%2 <Pj) <m-8, K a ,p(Y^ <fj) > -e, 

3=0 j=0 



k 



(5.45) 



3=0 j=0 j=0 j=0 



for some (a, 0) in (I1.16P and some 5, e > satisfying e(l + 2/ fi) < 5. Thenfij G /C + 
for all j = 0, . . . , k, i.e. < E(<pj) < m and K a ^(ipj) > for all (a, (3) in (II. 16ft . 

Proof. Let ipj = 9R(V) _1 <^j and suppose that K(<p{) < for some I. Then K(ip{) < 
K((fi) < and so H(if){) > m. Since H is non-negative, 

m < ^Hfa) ^ + # Q (3(V)-V,)] = - KMffl 

(5.46) 

3=0 3=0 

where H® denotes the quadratic part of H. Hence K(if)j) > for all j, and so 
E(<pj) > J(Vi) = Hty) + K(^)/JI > 0. □ 
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5.2. Nonlinear profile decomposition. The next step is to construct a similar 
decomposition for the nonlinear solutions with the same initial data. 

First we construct a nonlinear profile corresponding to a free concentrating wave. 
Let v n be a free concentrating wave for a sequence (t n , x n , h n ) G K. x M. d x (0, 1], 

(id t + (V)K = 0, v n (t n ) = T n if>, i/)(x) G L 2 , (5.47) 

satisfying v n (0) G /C + . Here we use Lemma 15.11 ouly in the H 1 critical case, and 
Lemma [5.21 m the subcritical/exponential cases. Hence h n — > can happen only in 
the critical case, otherwise h n = 1. Let u n be the nonlinear solution with the same 
initial data 

{idt + (V)R = f'(u n ), u n (0) = v n (0) G IC+, (5.48) 
which may be local in time. Next we define V n and U n by undoing the transforms 

V n = T n V n ((t - t n )/h n ), U n = T n U n ((t ~ t n )/h n ). (5.49) 

Then they satisfy the rescaled equations 

V n = e li < v >"V, Un = V n -i [ eW-'W'f'QliVtfUjds, (5.50) 



where r n = —t n /h n . Extracting a subsequence, we may assume convergence 

h n — >• 3/ijxj G [0, 1], r n -)■ 3Too G [-00,00]. (5.51) 
Then the limit equations are naturally given by 

Voo = e^ v >^, U O0 = V 0O -i [* e^W-fXU^ds, (5.52) 



where is defined by 

t?.:=R(V>^. = / ,l < V >> < ft - = 1 >' (5.53) 

The unique existence of a local solution C/qo around t = r ra is known in all cases, 
including /i^ = and r M = ±00 (the latter corresponding to the existence of the 
wave operators), by using the standard iteration with the Strichartz estimate. In the 
exponential case, it requires that is in the subcritical regime in the Trudinger- 
Moser inequality. It is guaranteed by Lemma |5\3| because Voo(t) G /C + for t close to 
Too, and so U^t) G /C + for all t in its existence interval. 

Uoo on the maximal existence interval is called the nonlinear profile associated 
with the free concentrating wave v n . The nonlinear concentrating wave ui n ) 
associated with v n is defined by 



U(n)=T n U o((t-tn)/h n ). (5.54) 

LKG. If /ioo = the) 
(d'f - A + l)u (n) = (id t + (V))u (n) 



If /loo = 1 then ur n ) solves NLKG. If = then it solves 



(5 55) 

«V>-|V|)iT( B ) + / l (|V|- 1 <V>tt( B) ). 
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The existence time of U( n ) may be finite and even go to 0, but at least we have 

||«n(0) - M(n)(0)|| L 2 = ||K(0 - ^(Oll^ 

-> -> (5.56) 

< \\V n {r n ) - Ko(OIUl + WV^Tn) - f/oo(r„)|| L 2 0. 

Let u n be a sequence of (local) solutions of NLKG in /C + around t = 0, and let 
v n be the sequence of the free solutions with the same initial data. We consider the 
linear profile decomposition given by Lemma 15.11 or I5.2[ 

fe-i 

vn = 5>1 + 4 = e^-^T^. (5.57) 

3=0 

With each free concentrating wave {t^} ne N, we associate the nonlinear concentrating 
wave {«( n )}neN- A nonlinear profile decomposition of u n is given by 



fe-i 

j<k ._ 

V) 

3=0 



<T;l\ -J2^ny (5-58) 



We are going to prove that ufh is a good approximation for u n , provided that each 
nonlinear profile has finite global Strichartz norm (in Lemma [5.6ft . Now we define 
the Strichartz norms for the profile decomposition, using the notation in Section |4~2[ 
Let ST and ST* be the function spaces on M} +d defined by 

ST = [W] 2 n [K} 2 , ST* = [W*% + [K<% + L]Ll, (5.59) 

where the exponents W and K as well as their duals are as defined in (14.241) and 
(14. 9p . The Strichartz norm for the nonlinear profile depends on the scaling for 
any suffix 

ST » := llw h n[K h (ft| = i), (560) 



In other words, we take the scaling invariant part if h% — > +0, which can happen 
only in the H 1 critical case. The following estimate is convenient to treat the 
concentrating case: For any S G [0, 1] x [0, 1/2] x [0, 1] we have 

lh(n)||[5] 2 (R)<(^) 1 - rCg0(S) roo||[5] 5 (M), (5-61) 

where is as defined in ( I5.53p . Indeed, using B® 2 C LP with p — I/S2 > 2 in the 
lower frequencies, we have 

lh(n)||[5] 2 <|||Vr S3 (V)^ (n )ll[S^ 

Concerning the orthogonality in the Strichartz norms, we have 
Lemma 5.5. Assume that f satisfies ( 11.361) . Suppose that in the nonlinear profile 



decomposition ( I5.58P we have 
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for each j < K. Then we have for any finite interval I, any j < K and any k < K, 

Em \\ul n) \\ S T(i) < \\UL\\ S tL(rv ( 5 - 64 ) 

||^H| T(/) < VmY, K)\\stw> (5.65) 
j<k 

where the implicit constants do not depend on I, j or k. We have also 

2™, ii/KS) - £/'((<v>ir (v^ii^c,) = o. (566) 

Proof. First note that if /t^ = 1 then ttLv is just a sequence of space-time translations 

of U 3 ^. In particular, (I5.64p is trivial in that case. 

Next we prove f !5.64j) in the case h 3 ^ = 0, which is only in the H 1 critical case. 
For the moment we drop the superscript j. For the [W} 2 part, (I5.6ip gives us 

ll w (n)ll[Wl3(/)~ll^oo||[W15(») = ll^oollsTi(M)- ( 5 ' 67 ) 

For the [K} 2 part, let V be the following interpolation between H and W 

V ^l H+ p^ W = K+ LWl. (5.68) 
d+2 d + 2 2(d + 2) K J 

Then using Holder in t and (I5.6ip together with ieg°(K) = (d+ l)/(d + 2), we get 

lh«)ll[KW/) £ IK")!!^^! 1 !™ 1 ^ (M^ll^oolliyi-CR)!/! 5 ^ -> 0, (5.69) 

as n — > oo. Thus we have proved (15. 64ft . 

Next we prove (I5.65P in the subcritical/exponential cases. Define U^^, wL-. R for 
R 3> 1 and R by 



(«)>*' (5.70) 
j<fc 



U (n)- U (n),R\\ST(R) < ^ K 1 " ^IsTW ^ ' (^^+0) ( 571 ) 



where Xfl is the cut-off defined in (ll.23p . Then we have 

<k „ <k 

' ,R\\ST(R) ^ 

j<k 

so we may replace \ by R . Let ^ denote the difference operator 

6 l m tp(x) = <p(x-2- n e l )-tp(x), (5.72) 
where ei denotes the l-th unit vector in M. d . Each Besov norm in ST is equivalent to 

t\\j:^>u, R \L, L . + ii £"U«ii*w. ( 5 - 73 ) 

i=l j<A; * 21 j<A; 

where l/q, s) = W or K. (I5.28P implies that each suppw^ R is away from the 
others at least by distance 2 for large n, and then supp S^uls r are a ^ so disjoint for 
j < k at each /, m. Hence the first norm in (I5.73P equals 

l|2 sw #X\ r,\\ L v# L *# < \\2 sm 5 l m u j , , LP£ 2 £ «<||uf\ B ||#2 l p b , , (5.74) 
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where the first inequality is by Minkowski. Thus we have obtained (15.651) in the 
subcritical/exponential cases. 

Next we prove (15.651) in the H 1 critical case. For the nonlinear concentrating 
waves with = 1, the above argument works. For those with = 0, the K 
component is vanishing by (I5.69p . Hence it suffices to estimate [W} 2 in the case all 
h J n tend to as j — > oo. Using that W3 — 1/2 G (0, 1), we have 

ll u (n)ll[W] 2 (R) < [| I V | — x < V)i*^5 1| [W15CR) = Pl v r 1? ^)||[wi' 

j<k 

where we put (l/p, l/q, s) = W and 

<\ m ■= ^LKnum - ti)/hi), (5.76) 

where S l m is the difference operator defined in (15. 72 p . For R 3> 1, let 



m£EZ x 



(5.75) 



u 



0,1 n _\ ._ J X h i R (t ~ t' n , x - xi)u% m (t, x) (|m - log 2 h? n \ < R) 
1 (\m-\og 2 hi\ > R), 



where x* is as i n (H-23p . Then by the same computation as for (I5.6ip . we have 

\Wn\m ~ Wn,m,iilU?^ eZ i? ~ ll 2 ""^^!! ^£l(|t|+H+|*|>Ji) ^ °> ( 5 - 78 ) 

as R — > 00 uniformly in n. Hence we may replace u$ m by u^mR ^ n f J5.T5|) . The 
orthogonality (15. 5p implies that {supp( t m x \ u*nmR}j<k becomes mutually disjoint for 
large n. Then arguing as in (I5.74p . we obtain (I5.65p . 

To prove (I5.66P in the subcritical/exponential cases is easier than (I5.65p . because 
after the smooth cut-off, we have for large n 

/K).«) = E/H).«)- (5.79) 

j<k 

Note that the u J ,s G ST implies that the full Strichartz norms are finite by Lemma 
14.41 The error for f'{u^V) coming from the cut-off is small in ST* by (I4.6ip -( l4.64p 
if d < 4. When d > 5, the difference estimates in the proof of Lemma 14.51 are 
not sufficient because they control only the exotic norm Y. In order to estimate 
the difference in the admissbile dual norm ST* (I), we introduce the following new 
exponents: 

H £ :=(e 2 ,^^,0), W £ :=W -p 2 e(d, -1,0), M» := M» + e(d, -1, 0), (5.80) 

where W and were defined in (I4.24p and (I4.3ip . and e G {0,p\) is fixed small 
enough to have 

str°(# e ), str°(Mj), str°(W e ) < 0, reg°(H £ ) < 1, 

reg°(W £ ) = reg°(W) = 1, reg°(M|) = reg°(M tt ) < 1, (5.81) 

W £ + p 2 M\ = W + p 2 M i = W* {1) . 

Then we have for any u and v, 

\\fs( u ) ~ f'si. v )\\L\Ll{i) ^ Ul^Wu - u||[fl«]o(/)(ll«IUf Lg (J ) + \\v\\ LTL 2 (I) ) £ , (5.82) 



(5 83) 

< l] " MP [MlJ U - V WlWeh + \\ U - V \\[Ml] (\\ U \\[Ml) + ll W ll[M|]o) P2-1 H W ll[^] 2 ' 
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because \f' s (u) — /5(f)! < \u — v\{\u\ + \v |) £ . For large u, we have if p 2 > 1, 

Wf'M - f L (v)\\ [w ^ ]2 

u\\ a, \\U — 

and if P2 < 1 , 

/iWII^W^^Ikll^JIw-vlhwila + l|w-«ll^| ]o ll«ll[w«] 9 - (5.84) 

The latter estimate is not Lipschitz in u — v, but sufficient for our purpose here0 
Thus we obtain (15.661) in the subcritical/exponential cases. 

It remains to prove (15.661) in the H l critical case, where we need further cut-off 

(n) 111 U H 



to get a disjoint sum. First we see that each u{, in ufh may be replaced with 



u\ n) ■= ((V)i )- 1 (V) M J n) = h{TlUU(t ~ ti)/K). (5.85) 

For the moment we drop the superscript j. Let p 2 = 4/(d — 2) and hoo = 0. If d < 4, 
then we have by using (14.621) and (15.291) 

||/'(«(n)) - /'(w<n))|UiL|(]R) ^ ||W(n)||fL] (R)||w(n) ~ «(n) II [i]o(K) 

~ H^oollSowlltlVKV)- 1 - l]C/oc||[i] (K) (5.86) 

since [7^ G [if] 2 H [VF]* C [L] by the homogeneous version of Lemma I4T3T 1 ) . 
If d > 5, we introduce a new exponent 

d-2 / 1 d+3 \ , „, 

G:=- , — - r , . 5.87 

d + 2 \d+V 2(d+ 1)' J v ; 

Then reg°(C7) = 1, str (G) < and 

(2*-l)G = W*W - Sl^ill . (5.88) 

Hence 

ll/'(«(n)) - /'(«<»)) ll[W*W] a (J) £ \\f'( u (n)) ~ /'(W(n>) II [W*W]3CR) 

1/2 (5.89) 

+ l J l 7 11/ ( M (n)) - / (^(n))||[(2*-l)G]o(/), 

where the first term on the right is dominated by (the homogeneous version of 

dSH-dEMD) 

H M < n >H[M|]o(R)" U(n) ~ U ^)\\[W e ]' 2 {K) + \\U(n) 1 1 f A/ | ]o (M) 1 1 ( W ('^> ^(«) ) 1 1 f^7f- 

~ ~ 2" " -0 (5.90) 

~ ll C/ oo||^ f | ]o(R) ||(V//i„) -2 C/ o||[W e ];(R) + 1 1 < V/ ft„> _2 t/oo || [JW( | ]o (a) 1 1 1/00 1 l^rj • CR) > 

where 9 := min(p 2 , 1)- The right hand side goes to 0, since G [H ] ' PI [W £ ] ' C [M|] 
by the homogeneous version of Lemma [4.3( 1). Similarly, the last term in (I5.89P is 
bounded by 

ll W WllfG]o(M)IK™) - U (n)\\[G] (R) ~ ll^llf G ] o{R) ll(V//l„) _2 t/oo||[G]o(M) °- ( 5 -91) 



4 The situation is different from the long-time iteration in the previous section, where we needed 
the exotic Strichartz estimate in order to get the Lipschitz estimate for the iteration along the 
numerous time intervals. 
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Thus it suffices to show 



ii/'(E<>)-£/K>)ii^w^o. (5 92) 

j<k j<k 

Now we define U 3 n R for any R ^> 1 by 

Ui R (t,x)= X R(t,x)Ui (t,x) 

^\{{{ l -X h ^ R ){t-t\x-xit)\l<l<k, h l n R<h? n }, ^ 

where xr an d {^ 3 ni x3 niHi) are as defined respectively in (I1.23P and (I5.2ip . Then 
it is uniformly bounded in [H]*(R) n [W^(M), and U 3 nR xrUL in [M»] (R) as 
n — > oo, because either -> or + -> oo by the orthogonality (15.51) . 
Then by the homogeneous version of Lemma [4.3( 2). it converges also in [L] (R) (if 

d < 4), [W E ]*(R) and [Af|] (R). Moreover, we have -> as # 00 in the 

same spaces. 

Hence we may replace u 3 ,x by u 3 ,y R := h n T^U^ >R ((t — t J n )/h J n ), and then we get 
the desired result, since {supp( t a .-j u 3 ^ R }j<k ar e mutually disjoint for large n, and so 

/'E U (n),fi) = E ^'K^' (5.94) 
j<k j<k 

which concludes the proof of (I5.66p . □ 

The next lemma is the conclusion of this section. 

Lemma 5.6. Assume that f satisfies (ll.36p . Let u n be a sequence of local solutions 
of NLKG around t = in fC + satisfying lim^oo E(u n ) < m. Suppose that in its 
nonlinear profile decomposition ( 15. 581) . every nonlinear profile U 3 ^ has finite global 
Strichartz and energy norms, i.e. 

WuLWsTUm + ll^lk-^w < 00 ■ ( 5 - 95 ) 

Then u n is bounded for large n in the Strichartz and the energy norms, i.e. 

lim ||u n ||sT(R) + ||w n |U°°i|(K) < oo. (5.96) 

Proof. We will apply the perturbation lemma to u^+w^ as an approximate solution. 
First observe that 

IK(o) - tZgj(o) - ^( )|| L| < H4(o) - 4o(o)||ls = o(i), {5 97) 

j<k 

and 

\KW\\h = \K\\h m > E 11^11x8 + °0) = E lK»)(°)Hz8 + (5.98) 

j<k j<k 

where o(l) — ^ as ii - > oo. Hence except for a finite set Jeff, the energy of u 3 , n \ 
with j ^ J is smaller than the iteration threshold, which implies 

II<)IIst(r)<||^ b) (0)||£2 (j?J). (5.99) 
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Combining (I5.65p . (I5.64p . (I5.99P and (I5.98p . we obtain for any finite interval /, 



sup lim \\ufh\\ 2 ST{I) < y^WU^f , + lim Uu^O)^ < oo. 



n—too 



(5.100) 



(5.101) 



The equation of u^Jt is given by 

where if?. = ((V)4,) _1 (V)if^ as before. The nonlinear part goes to by (15.661) . 
while the linear part vanishes if h 3 ^ = 1, and is dominated if = by 

ll((v) - Ivd^ii^^^i/iikv)- 1 ^!!^^) 

~ l/IIKV/^)- 1 ^!!^^) ^0 (n^ oo), 



by continuity in t for bounded t, and by the scattering of for \t\ —¥ oo, which 
follows from ||£^oil[WT(R) < 00 • Hence Lemma S3] gives for any 1-admissible Z 

sup lim ||ifg|| [z]2(K ) < oo. (5.103) 

On the other hand, by Lemma 14.31 we can extend the smallness of w\ from 
LfB^ ^ to the other spaces that we need for the nonlinear difference estimates, 
i.e. [S]o, [L]o, [H e ]o, [M|] , and [W £ ]2, depending on d and /. In addition, in 

the exponential case (ll.29p . Lemmas 15.31 and 12.111 imply that ufk and are both 
in the subcritical regime for the Trudinger-Moser inequality. Putting them together 
with the above bounds on w^j in the nonlinear difference estimates (I4.6ip -( l4.64p or 
(EH2D-(EH1D, we get 

lim lim" \\f(v$+w>) - nu<*)\\sT* { i) = 0, (5.104) 

and so 

lirn linT \\eq(ufh + u£) II ST* (/) = 0. (5.105) 

Hence for k sufficiently close to K and n large enough, the true solution u n and 
the approximate solution uf^ + satisfy all the assumptions of the perturbation 
Lemma [4.51 Hence u n is bounded in global Strichartz norms for large n. □ 

6. Extraction of a critical element 

In this section, we prove that if uniform global Strichartz bound fails strictly 
below the variational threshold m, then we have a global solution in JC + with infinite 
Strichartz norm and with the minimal energy, which is called a critical element. 

Let E* be the threshold for the uniform Strichartz bound. More precisely, 

E* := sup{A > | S(A) < oo}, (6.1) 

where S(A) denotes the supremum of ||w||sr(7) for any strong solution u in /C + on 
any interval / satisfying E(u) < A. 

The small energy scattering tells us E* > 0, and the presence of the ground 
state tells us E* < m, at least in the subcritical case, and also in the other cases if 
we allow complex-valued solutions, because the stationary solutions with different 
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masses yield standing wave solutions of the original NLKG. Anyway, we are going 
to prove E* > m by contradiction. 

We remark that there is an alternative threshold: 



E FS := sup <A>0 



If u is a solution in /C + of NLKG 
with E(u) < A, then ||w||st(r) < 00 



(6.2) 



Obviously E* < Ep S . Kenig-Merle [26] chose this definition. The advantage of using 
E* is that E* > m implies uniform bound on the global Strichartz norms below m, 
which is very important in applications where we want to perturb the equation. 
The next lemma is the conclusion of this section. 

Lemma 6.1. Assume that f satisfies f ll .36[) . and let u n be a sequence of solutions 
of NLKG in K + on I n C R satisfying 

E(u n )^E*<m, \\u n \\sT(i n ) 00 (n-»oo). (6.3) 

Then there exists a global solution u* of NLKG in K, + satisfying 

E(u*) = E*, |K||sT(R) = 00. (6.4) 

In addition, there are a sequence (t n ,x n ) G K x M, d and if e L 2 (M <i ) swc/i t/iat a/ong 
some subsequence, 

\\u n (0,x) -e-^ifix -x n )\\ Ll -> 0. (6.5) 

We call such a global solution a critical element. Observe that by the 
definition of E*, we can find such a sequence u n , once we have E* < m. 

Proof. We can translate u n in t so that 6 4 for all n. Then we consider the linear 
and nonlinear profile decompositions of u n , using Lemma [5. II in the H l critical case 
(I1.28P and Lemma [5.21 in the subcritical/exponential cases. 

e # 4(0) = E # + * # = e*™*"*^, 
j<fe 

U W = E U (»V <)=^((*-0/^), ( 6 - 6 ) 
j<fc 

lK(o)-^„)(o)lk-^° ("->«>)■ 

Lemma [5.61 precludes that all the nonlinear profiles have finite global Strichartz 
norm. On the other hand, every solution of NLKG in /C + with energy less than E* 
has global finite Strichartz norm by the definition of E*. Hence by Lemma [5.31 we 
deduce that there is only one profile i.e. K — 1, and moreover 

E(u° (n) )=E\ u° n) (0)GK+, ||^|| ST c, (R) =oo, Km |K||r r ^ = 0. (6.7) 

If /i° — >■ in the critical case, then = |V| _1 K?7^ solves the massless equation 

(d?-A)U° 0O = f(U° oo ), (6.8) 

and satisfies 

E\Ul) = E*<m = J(°\Q), K w (UU0))>0, \\U°J\ [w] - 2 = 00, (6.9) 
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where Q is the massless ground state and K' w is the massless version of K. However, 
Kenig-Merle (25] has proven that there is no such solutionis Hence = 1 in all 
cases, and we obtain (16. 5p . 

Hence = 1 in all cases, and we obtain (16. 5p . 

It remains to prove that = (V) -1 ^?/^ is a global solution. Suppose not. Then 
we can choose a sequence t n G K approaching the maximal existence time. Since 
the sequence of solutions f/^ft + t n ) satisfies the assumption of this lemma, we may 
apply the above argument to it. In particular, from (16. 5p we obtain 

||^(tn)-e^ v ^(x-<)|| L , -*0, (6.10) 

for some ip G L 2 and another sequence (t' n ,x' n ) 6lx W 1 . Let v := e l ^ t ip. Since it 
is a free solution, for any e > there is 5 > such that for any interval / satisfying 
\I\ < 25, we have || (V)"V|| sr(/) < e, where ST = [W] 2 n [K] 2 as in (l5T59|) . Then 
( I6.10p implies that 

ImT ||(V>-V< v ^(t n )|| 5TM , 5) < e. (6.11) 

If e > is small enough, this implies that the solution t/^ exists on (t n — 8,t n + 8), 
by the iteration argument, for large n. This contradicts the choice of t n . Hence £7^ 
is global and so a critical element. □ 

7. Extinction of the critical element 

In this section, we prove that the critical element can not exist by deriving a 
contradiction from a few properties of it. The main idea follows [261 Let u c 
be a critical element given by Lemma 16.11 Since NLKG is symmetric in t, we may 
assume that ||w c ||st(o,oo) = oo. We call such u a forward critical element. Note 
that since the critical element is in /C + , we have E^(u;t) ~ E(u) uniformly, by 
Lemma 12.101 

7.1. Compactness. First we show that the trajectory of a forward critical element 
is precompact for positive time in the energy space modulo spatial translations. 

Lemma 7.1. Assume that f satisfies ( ll.36p . and letu c be a forward critical element. 
Then there exists c : (0, oo) — > M. d such that the set 

{(u,u)(t,x - c(t)) | < t < oo} (7.1) 
is precompact in if 1 (M d ) x L 2 (R d ). 

Proof. The proof of Kenig-Merle [26] can be adapted verbatim, but we give a sketch 
for the sake of completeness. Recall the convention u u defined in Section 14.11 

It suffices to prove precompactness of {u(t n )} in L 2 X for any ti,t 2 , - ■ ■ > 0. If t n 
converges, then it is trivial from the continuity in t. Hence we may assume that 
t n — > oo. Applying Lemma IBTTl to the sequence of solutions u(t + t n ), we get another 
sequence (t' n ,x' n ) G R 1+d and ip G L 2 such that 

u(t n , x) - e~ i{vK if{x - x' n ) in L 2 X (n -> oo). (7.2) 

5 |26j is restricted to the dimensions d < 5 for simplicity of the perturbation argument, but the 
elimination of critical elements works in any higher dimensions. 
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If t' n — > — oo, then we have 

\\e l{v)t u(t n )\\ ST{0)Oo) = He^VllsT^oo) + (1) 0, (7.3) 

so that we can solve NLKG of u for t > t n with large n globally by iteration with 
small Strichartz norms, contradicting its forward criticality. 
If t' — > +oo, then we have 



l{V)t u(tn)\\sn-oo,o) = ||e i<v> VllsT(-oo,^) + o(l) -> 0, (7.4) 

so that we can solve NLKG of u for t < t n with large n with diminishing Strichartz 
norms, which implies u = by taking the limit, a contradiction. 

Thus t' n is precompact, so is u(t n , x + x' n ) in L 2 , by (17.21) . □ 

As a consequence, the energy of u stays within a fixed radius for all positive time, 
modulo arbitrarily small rest. More precisely, we define the exterior energy by 

E R:C (u;t)= [ \u t \ 2 + \Vu\ 2 + \u\ 2 +\f{u)\ + \uf'{u)\dx ) (7.5) 

J\x-c\>R 

for any R > and c G M d . Then we have 

Corollary 7.2. Let u be a forward critical element. Then for any e > 0, there exist 
Ro(e) > and c(t) : (0, oo) — > lR d such that at any t > we have 

E RoAt) {u;t) <eE{u). (7.6) 

7.2. Zero momentum and non-propagation. Next we observe that the critical 
element can not move with any positive speed in the sense of energy. For that we 
first need to see that the (conserved) momentum 



P(u) := / u t Wudx G R d (7.7) 
is zero for any critical element u. 

Lemma 7.3. For any critical element u, we have P(u) = 0. 

Proof. For j = 1, . . . , d and A G M, we define the operator Lj of Lorentz transform 
Lju(x , ...,x d )= u(y , ■ ■ ■ , yd), 

I/O = Xq cosh A + Xj sinh A, yj = x sinh A + Xj cosh A, y^ = Xk {k ^ 0, j) 
then we have Lf Lj = L" +l3 . Since d\yo = yj and d\yj = yo, we have 

d\Ljii = L^xjdt + tdj)u}. (7.9) 

Also we have 



(7.8) 



d t L) = L]{sd t + cdj), d tt L) = L]{s 2 d tt + 2scd tj + c 2 d n ), 
d}L) = L^cdt + sdj), d 3j L) = L){c 2 d tt + 2scd tj + s 2 d j3 ), 

}2 A rAi 



(7.10) 



where s := sinh A and c := cosh A. In particular [d 2 — A, Lj] = 0, and so U- maps 
global solutions to themselves. For the space-time norm, we have 



Ljvdtdxj 



c s 
s c 



dtdxj = vdtdxj, (7. 11) 
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hence Lj preserves all L^ x (M} +d ) norm. For any solution u, we have 
d° x E(L$u) = (u t \d° x d t L$u) + (Vu\d° x VL$u) + (u - f'(u)\d x L^u} 

= (ut\XjUu + tu t j + Uj) + (Uk\XjU kt + tu k j + S kj Ut) 
+ (u — f'(u)\XjU t + tUj) 

= (xjU t \Au) + 2(u t \uj) - (xjU kt \u k ) = (u t ,Uj) = P{u), 



(7.12) 



where d x := <9a|a=o- If Pj(u) 7^ for some j, then we obtain another global solution 
LjU, which has smaller energy and infinite Strichartz norm. It also belongs to /C + , 
by continuity. More precisely, the continuity of Lju in A in the energy space easily 
follows from the local wellposedness if u has compactly supported initial data. Then 
the original solution is approximated by smooth cut-off using the finite propagation 
property. Thus we obtain another critical element with less energy, a contradiction. 
Hence P(u) = 0. □ 

Next we see stillness of critical elements in terms of the energy propagation. For 
any R > 0, we define the localized center of energy Xn(t) G M. d by 



X R (u;t) := J XR(x)xe(u)(t,x)dx, (7.13) 

where \R is as defined in (11.231) . and e(u) denote the energy density of u, namely 

e( u ) = (\u t \ 2 + \Vu\ 2 + \u\ 2 )/2 - f(u). (7.14) 
From the energy identity e(u) = V • (u t Vu), we get for any solution u 

j t X R (u; t) = -dP{u) + J [d(l - X r(x)) + (rd r ) XR (x)]u t Vu. (7.15) 

If u is a critical element, the first term disappears by the above lemma, so we have 



Jt Ri - U]t) 



<E Rfi (u;t). (7.16) 

Moreover, since u is in /C + , by Lemma [2.121 there exists 5q G (0, 1) such that 

Ki,o(u(t)) > 5 \\u(t)\\ 2 Hl (7.17) 

for all t G K. 

Lemma 7.4. Let u be a forward critical element, and let Rq(e) > 0, c(t) G M. d and 
5 > be as in (17. 6p and (JT7TTJ) . If < e 8 and R 3> Ro(e) then we have 

\c(t)-c(0)\<R-R (e), (7.18) 
for < t < t till some t > S R/e. 

Proof. By translation in x, we may assume that c(0) = 0. Let to be the final time 
for the above property 

t = inf{t > | \c(t)\ > R-R }. (7.19) 



50 



S. IBRAHIM, N. MASMOUDI, AND K. NAKANISHI 



Then the finite speed of propagation implies that t > 0. For any < t < t we 
have |c(t)| < R — Rq, hence by (17. 6p we have E Rfi < sE(u), and so by ( I7.16P we get 



X R {u- 1) 



< 



eE{u). 



Next we expand it around c: 



c(t) ■ X R (u;t) = \c(t)\ 2 J XR( x ) e ( u )dx + j Xr{ x ) c ' { x ~ c)e{u)dx 
where the first term on the right is bounded from below by 



E(u) 



> \\u 



- - Xi?(x))e(w)cfe 
| 2 /2 + K lt0 (u(t)) - CE Rfi {t) > 5 E(u) - CeE(u)>5 E(u) 



(7.20) 



(7.21) 



(7.22) 



since e <C So. The second term of (I7.2ip is dominated by splitting the integral into 
\x — c\ < Ro and \x — c\ > Rq. In the interior it is bounded by using the energy 
bound, and in the exterior it is bounded by using (17. 6p . Thus we obtain 



Xr(x)c ■ (x — c)e{u)dx 
In the same way we have 



< 



\X R (u;0)\< 



(R + Re)E(u)\c\. 
(R + Re)E(u), 



since c(0) = 0. Thus we get 

6 E{u)\c{t)\ < (R + Re + et)E(u), 

and sending t — > to, we get 

5 R<et . 



(7.23) 

(7.24) 
(7.25) 

(7.26) 

□ 



7.3. Dispersion and contradiction. Finally we use the localized virial identity to 
see dispersion of the critical element, which will contradict the above non-propagation 
property. For any R > 0, we define the localized virial V R (u; t) G 1R by 

V R (u-t) := ( XR (x)u t \(x- V + V-x)u), (7.27) 
where xr is as defined in fll.23p . Then we have for any solution u, 

±V R (u;t) = - J XR( x MVu\ 2 -d(D-2)f(u)} + ^\u\ 2 Axn(x)dx 



rd r XR{x)[\u t \ 2 + 2\u r \ 



Wu\ 



\u\ 2 + 2f(u)}dx 



(7.28) 



< -K d ,_ 2 (u(t)) + CE R> o(u;t). 

If u is a critical element, then u G /C + and hence by Lemma 12.121 there exists 
62 G (0, 1) such that 

K d ^{u{t))>8 2 \\Vu{t)\\% (7.29) 
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for all t > 0. Thus we obtain, integrating in t, 

VrMo) < V R (u;0)-5 2 f° \\Vu(t)\\ 2 L2 dt + CeE(u)t . (7.30) 

Jo 

Now by the compactness Lemma 17.11 we have 

Lemma 7.5. Let u be a forward critical element. Then for any e > there exists 
C > such that 

\\u(t)\\li<C\\Vu(t) lllg +e\\u(t)\\k> ( 7 - 31 ) 

for all t > 0. 

Proof. Otherwise there exists a sequence t n > such that 

K*«)llig > n||Vu(* n )|||a + e||u(OII^- (7.32) 

Since u is bounded, it follows ||V«(t n )||2,a — >■ 0. Then Lemma I7TT1 implies that, 
after passing to a subsequence, u(t n ) — > strongly in if then the above inequality 
implies that ii(t n ) — > too. Hence E®(u;t n ) — )■ 0, which contradicts the energy 
equivalence, Lemma [2. 101 □ 

Multiplying the equation with u, and then applying the above lemma with e = 
1/4, we obtain 



d t (u\u) = / \u\ 2 - |Vw| 2 - \u\ 2 + Df(u)dx. 
> [ \u\ 2 /2+\u\ 2 -C\Vu\ 2 dx, 



(7.33) 



with some C > 0. Hence 



/ <0 + ll«lli8dt<J5(tt) + r llVril^dt, (7.34) 

Jo Jo 

and so 

t E(u)< [° E Q (u;t)dt<E(u) + f° \\Vu\\ 2 L 2dt. (7.35) 
Jo Jo 

Now we choose positive e and R ^> Rq{s). Then by Lemma 17.41 there 

exists to ~ SoR/e such that En t0 (u; t) < eE{u) for < t < to. Then from f)7.30p and 
f)7.35p . we have 

-V R (u; t ) + V R (u; 0) > [5 2 t - Cet - C]E{u) > 5 2 t E(u) ~ — -E(m), (7.36) 

while the left hand side is dominated by RE(u), which is a contradiction when 6/8280 
is sufficiently small. □ 
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Appendix A. The range of scaling exponents 

In Section [21 we have shown that m Qj( g in fl 1 . 1 T|) is positive and achieved (after mod- 
ification of the mass in the critical/exponential cases) if (at, 0) satisfies ( ll.lfip . Here 
we see that it is also necessary, modulo the obvious symmetry (a, (3) — >■ (—a, —(3). 
For simplicity, we consider only the pure power nonlinearity. 

Proposition A.l. Assume that neither (a, (3) G M? nor (—a,— (3) satisfies (I1.16p . 
Then there exists q G (2*, 2*) such that we have m a ^ = — oo for f(p) = \<p\ q - 

Proof. By symmetry with respect to (a, j3) —> (—a, —(3), we may assume that (3 > 
and ~p = 2a + d(3 > 0. 

First we consider the case a < and p > 0, which implies that d > 2. Let 
(2*, 2*) 3 q = 2 + p, then we have 

ap + p>dp/(d-2)>0. (A.l) 

Decompose K(<p) by 

K = K 1 + K 2 , K^tp) = (J¥?pl, K 2 {p) = p^^-{ap + p)F{p). (A.2) 

Suppose that ^ p G H 1 (M d ) satisfies K 2 (p) = 0- If there is no such (p, then K is 
positive definite and the minimization set in ( I1.17P becomes empty. Let 1 < v — >■ 
1 + 0, then we have 

> K 2 (u<p) ->• K 2 (<p) = 0, i^iC^) > 0. (A.3) 

Now let X(u) > solve 

= K{vtp{x/\)) = \ d ~~ 2 Kx(vp) + A d K 2 (z/^), (A.4) 

in other words A(z/) = [— K 2 {fp) / K-iiycp)] 1 ' 2 . Then A(^) -)• oo as ^ -> 1 + due to 
( pOp . Since 

TJJW = #(V0 + /3||V^||ia + apF(^), (A.5) 

we obtain 

JtJ(vp(x/\)) = f3v 2 \ d - 2 \\Vv\\ 2 L 2 + ap\ d F{vp) -)• -oo, (A.6) 

which implies that m = — oo. 

Next, if 71 = > a, which implies c? > 2, then for any nonzero p G 77 1 (IR d ) 
satisfying = we have 

K(p(x/X)) = \ d K(p) = 0, (A.7) 

and similarly as above, J(p(x/X)) = 0(—X d ) — > oo as A — > oo. 

Finally consider the case p < < 77. Then ap + 2/3 = has a solution p G 
(4/d, 2* — 2). Since ap + 77 = ap + 2/3 + /x, there exists p G (4/d, 2* — 2) such that 

ap + p < < ap + 2/3. (A.8) 
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Then K N (ip) = — (ap + /i)F(tp) is positive and so for any ip G ^(W 1 ), K(vip) > 
if v 3> 1. Since the kinetic term in .K" is negative, there exists £(V) G M d such that 
K{e* x v(p) = 0. Since 

II II 2 

-liJty) = -K(if)) + 2/3^-^ - (ap + 2p)F{$), (A.9) 



we obtain 

II II 2 

-pj{e* x v(p) = 2/3z/ 2 ^^ 
which implies that m = — oo. 



(ap + 2(3)F(uip) -> -oo, 



(A.10) 
□ 



The above proof shows that if a < and /i > then m = — oo for all q G (2, 2*]. 
The choice of q was needed only in the other region. 

Appendix B. Table of Notation 

The notation below applies to any s G R, v > 0, (a, /3) G M 2 , j, k G Z, Z G M 3 , 
/cK^ie fl" 1 (R d ), it G C t {Hl{R d )), any suffix 0, any sequence ip n G if 1 ^), 
and any functional G on H 1 (M, d ). 



Dimension and scaling 
d € N, 2*, 2* > 0: space dimension and critical powers 
a, /3 G R, ]1 > fj, > 0: scaling exponents and their functions 
fa pi £-a,pG: rescaled family and scaling derivative 

(subscript of the form 4* a ,p 1S often omitted as 6) 



do]) 
(123]) 

(DSD, {EH]) 



1st order representation 
u f-> u: linked with each other by 



Nonlinearity 
F(ip),f(s) > 0: nonlinear energy and its density 
fs(s)i Il(s) > 0: small and large parts of / 
PI1P2 > 0, kq > 0: leading powers of fs and fi 



dni]) 

{ESi 

(fL25l) . (TQ6]) . 



Functionals 
.%),jM(p)€ 



L: static energy, with mass change 
F a ,p(<p)i Kapif) e H at p(ip) > 0: derivatives of J 
K-a pif)! Fa pif) ^ ^ : quadratic and nonlinear parts of K 
E(u;t),E(ip,ijj),e(u) G R: total energy and its density 
E Q (u;t),E Q ((p,ip) > 0: linear energy 
E(ip), K a ^p(ip) G R: vector versions of E and K 
P(u;t), Eft iC (u;t) G R: momentum and exterior energy 
Xn(u;t), Vu(u;t) G R: localized energy center and virial 



fTTT]) . {TT2J) 
(fTTST) . (12361) 

(fOTj) 
(BSD 

{72}, {73]) 
([713 ]) . ([7^7]) 



Variational splittings 
m a ^p,E* > 0: static and scattering energy thresholds 

pi p- splitting below the threshold 
C% M {G),C* M (G) G [0,oo]: Trudinger-Moser ratio 
971(G) G [0,oo]: Trudinger-Moser threshold on H 1 
conc.G((ip n ) n ) € R: concentration at x = 



([TT7]) .(^i]) 

(12^7D . (T09D 

12181 

(123TD 



Function spaces and exponents 
\Z\ V (1\ [Z]o(I), [Z]l(I): Lebesgue-Besov spaces on/xl 
Z S ,Z*( S ^ G R 3 : regularity change and dual of exponents 



{ED 
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reg e (Z) , sti 9 (Z) , dec e (Z) G R: regularity and decay indexes 
H, W, K, M$, V G R 3 : exponents for d G N 
X,S,L G R 3 : exponents for d < 4 

M, M, M, N, N, Q, P, Y,R,G G R 3 : exponents for d > 5 
# £ , W e , Af| G R 3 : exponents for d > 5 
il*, .MC: ^(R 2 ) and a set of Fourier multipliers on R d 
X, y, y , y, y$, y*: Strichartz-type spaces 
ST(I),ST*(I),ST&(I): Strichartz-type spaces on / x R d 



(lOTD . (jOTD . (^871) 

HOB) . (1531) 
(14341 . (I4T77D 
(153^ . (15760]) 



Profile decomposition 
(t^x^,h^) £R 1+d x [0,1]: time -space-scale shift parameter 
7^ = —t^/hy G R: rescaled time shift 
h% G {0, 1},7^ G [-00,00]: limit of h$ and 7^ 
T^</j, (V)^</?: operators dependent on (xy,hy) 
(tn,Xn,hn), SnU\ relative shift and transform 



Section 15.11 



i T v G 

L ! ' OO C 



-oo,ool: scaled time shift and its limit 



U£a, U^, : nonlinear profiles (scaled limit) 



u 



(nil U M 



"fH: nonlinear profiles (in original scales) 



(15311 . ([530]) 

(15321) . (I533|) 
(1534]) . (15381) 
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